
Renormalization with a cut-off Λc 
in Minkowski

•Regularizing the vacuum energy with 
a sharp cut-off Λc gives a “wrong” 
equation of state between the bare 
pressure and energy density.

•The cut-off Λc is not Lorentz-invariant. 
Need to renormalize with Lorentz-
breaking counter-terms to get it right.

Renormalization in FLRW

•Vacuum energy of a scalar field in flat 
FLRW

•Cannot directly be absorbed into a re-
definition of the cosmological constant 
and Newton’s constant.

•Bare quantities don’t satisfy energy 
conservation: Λc breaks general 
covariance!

➡ Add non-covariant counter-terms to 
renormalize properly such that energy 
conservation (general covariance) is 
satisfied.
M~MPl is the scale of new physics.

➡ The cosmological constant problem 
remains and the H2M2 terms can be 
absorbed into a renormalization of 
Newton’s constant.
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•We clarify how to renormalize the vacuum 
energy in FLRW when regularizing with a sharp 
cut-off Λc over momenta:

•Cut-off regularization breaks general covariance.

•Need to introduce non-covariant counter terms to 
restore the symmetry.

•The equation of state resulting from the sub-leading 
terms ~H2Λc2 is found by imposing general 
covariance when renormalizing.

•We investigate the cosmological consequences 
of a proposed ADM-like subtraction scheme to 
compute the vacuum energy in FLRW:

•The vacuum energy in Minkowski is subtracted from 
that in FLRW.

•The Λc4 divergence is subtracted and the 
cosmological constant problem solved.

•A bare vacuum energy ~H2Λc2 remains.

•Renormalization with non-covariant counter-terms:

‣If energy conserved in isolation then vacuum 
absorbed in Newton’s G.

‣If energy exchange with light d.o.f. then 
tracking of total energy density, i.e. Early Dark 
Energy.

•Analogy with the effective gravity action 
naturally leads to an effective energy exchange 
in presence of a light scalar field with m < H:

• I light scalar cannot be integrated out completely.

•After integrating out heavy modes > H, a non-
minimally coupled effective scalar remains.

•This motivates models such as Extended 
Quintessence that gives Early Dark Energy.

•Energy associated to the coupling can be interpreted 
as the zero-point fluctuations of the original field.
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Analogy with effective action

•After integrating out all fields heavy 
compared to a given scale, a series 
of covariant terms can be generated 
in the effective gravity action.

•Observe that M2R in the effective 
action gives the vacuum energy after 
subtraction of the leading divergence.

A light scalar field in FLRW

• In FLRW the relevant scale is H. If a 
scalar with m < H is present, it cannot 
be integrated out completely.

•Remaining low-frequency modes 
described by effective scalar field χ 
with non-minimal coupling to gravity, 
for example:

•The resulting class of models is known 
as Extended Quintessence, which 
typically gives Early Dark Energy.

•Split contribution from minimal field 
and coupling into X and Z component 
and find with the two
equations of state also 
given by F(χ) and V(χ).

➡ρZ tracks the total energy and is 
interpreted as the zero-point 
fluctuations of the original field.

Energy defined by subtraction

•ADM formalism of GR: the energy is 
the difference between the 
Hamiltonian evaluated on the 
geometry of interest and the 
Hamiltonian evaluated on Minkowski 
space: not “every form of energy 
gravitates”.

•Casimir effect: the vacuum energy is 
bare vacuum energy in the finite 
volume minus that in the infinite 
reference volume.

A proposal in FLRW

•Before renormalization, subtract the 
Minkowski vacuum energy from the 
bare vacuum energy in FLRW.

•Then renormalize with non-covariant 
counter-terms while
•conserving energy in isolation:

absorbed into Newton’s const.

•or exchanging energy with a light 
degree of freedom (X):

can lead to observable effects
➡ typically Early Dark Energy.

Subtraction of Λc4 

E = HGR[gµ⌫ ]

�HGR[⌘µ⌫ ]

Fulling & Parker, 1974
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Motivation: cosmological constant problem
•The vacuum energy naively suggested by quantum field 

theory (QFT) is huge compared to the dark energy needed 
by cosmological observations.
•Even if a dynamical field can explain the late time 

acceleration, the absence of the QFT vacuum energy 
needs to be explained..
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