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A story about cosmic magnetic fields

✴Observational evidence for cosmic magnetic fields and astrophysical aspects

✴Motivation for primordial magnetic fields
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✴Non-Gaussian signatures and other “side-effects”
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✴Conclusions



Observational evidence



The magnetised Universe

✴ Large-scale magnetic fields are present in all structures in the Universe:

‣  Galaxies: B ~ 10μG, ordered on 10 kpc scales + random component, 
even in “young” galaxies at redshifts z ~ 1 - 2

‣  Clusters: B ~ 0.1 - 1 μG, coherent on scales up to 100 kpc.

‣  Filaments: B ~ 10-7 - 10-8 G, coherent on scales up to 1 Mpc.

‣  Intergalactic medium: B > 3 x 10-16 G, coherent on Mpc scales, large filling 
factor (due to absence of extended secondary GeV emission around TeV blazars)

✴ Magnetic energy density comparable to the energy in turbulent gas motion 
(galaxies) and the pressure of the X-ray gas (clusters) >> dynamically relevant!



Observational methods

✴Zeeman splitting: most direct probe  >> but down to Doppler broadening
>> useful for nearby sources like stars etc.

✴Polarized emission and absorption caused by alignment of elongated dust 
grains in interstellar medium  >> model dependent
>> perpendicular to line of sight.

✴Synchrotron emission: Bremsstrahlung from electrons  >> quite direct
>> degree of polarization ~ coherence  >> perpendicular to line of sight

✴Faraday rotation measure: rotation of polarization of background sources
>> depends on plasma density and wavelength  >> along the line of sight



Some pictures

NGC6946   6cm   Polarized Int. + B-Vectors  (HPBW=15")   +   H-ALPHA
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Polarized radio emission in galaxies

FIGURE 3. Left: Polarized radio intensity (contours) and B–vectors in the inner 3’x4’ of M 51,
combined from observations at 6 cm wavelength with the VLA and Effelsberg telescopes at 8” resolution
[49], overlaid onto an image of the molecular CO(1-0) line emission [73].Right: Polarized radio intensity
(contours) and B–vectors of NCC 6946, combined from observations at 6 cm wavelength with the VLA
and Effelsberg telescopes and smoothed to 15” resolution [7], overlaid onto an H! image from Anne
Ferguson (Copyright: MPIfR Bonn; graphics: Sterne und Weltraum).

activity or by a small-scale dynamo [127].
In galaxies with massive bars the field lines follow the gas flow (Fig. 4 left). As the

gas rotates faster than the bar pattern of a galaxy, a shock occurs in the cold gas that has
a small sound speed, while the flow of warm, diffuse gas is only slightly compressed but
sheared. The ordered field is also hardly compressed. It is probably coupled to the diffuse
gas and strong enough to affect its flow [13]. The polarization pattern in barred galaxies
can be used as a tracer of shearing gas flows in the sky plane and hence complements
spectroscopic measurements of radial velocities.
The central regions of barred galaxies are often sites of ongoing intense star formation

and strong magnetic fields that can affect the gas flow. NGC 1097 hosts a bright ring
with about 1.5 kiloparsec diameter and an active nucleus in its center (Fig. 4 right).
The ordered field in the ring has a spiral pattern and extends towards the nucleus. The
orientation of the innermost spiral field agrees with that of the spiral dust filaments
visible on optical images. Magnetic stress in the circumnuclear ring due to the strong
total magnetic field (about 50 µG) can drive gas inflow [4] at a rate of several M!/yr,
which is sufficient to fuel the activity of the nucleus [13].
Interaction with a dense intergalactic medium also imprints unique signatures onto

magnetic fields and thus the radio emission. The Virgo cluster is a location of especially
strong interaction effects (Fig. 5 left), and almost all cluster galaxies observed so far
show asymmetries of their polarized emission because the outer magnetic fields were
compressed by ram pressure or shearing gas flows [144, 145]. Ordered fields are an
excellent tracer of past interactions between galaxies or with the intergalactic medium,
or sweeping-up of the intracluster field [107].
Flocculent galaxies have disks but no prominent spiral arms. Nevertheless, spiral

magnetic patterns exist in all flocculent galaxies observed so far, indicative that the

from: Beck, Proc. Texas 2010 Symposium, ed. F.M. Rieger, AIP Conf. Proc [arXiv:1104.3749]



FIGURE 8. Left: Total radio intensity of the halo and relic (left edge) of the galaxy cluster Abell 521,
observed at 240 MHz with the GMRT and smoothed to 35”, overlaid onto an X-ray image from CHAN-
DRA [23]. Right: Total radio intensity of the relic (the “sausage”) at the edge of the galaxy cluster CIZA
J2242.8+5301 at a redshift of 0.1921, observed at 610 MHz with the GMRT at 4” resolution [139].

possibility is the injection from galactic black holes (AGNs) and outflows from starburst
galaxies [141]. In each case the field is subsequently amplified by compression and
large-scale shear flows [22]. Ryu et al. [115] have argued that highly efficient amplifica-
tion is possible via MHD turbulence, with the source of the turbulent energy being the
structure formation shocks themselves. Estimates of the strength of the turbulent field in
filaments obtained from MHD simulations with a primordial seed field typically range
between 0.1 µG and 0.01 µG, while regular fields are weaker.
Until recently, there has been no unambiguous detection of a general magnetic field

in the IGM. In an intergalactic region of about 2! extent west of the Coma Cluster,
containing a group of radio galaxies, enhanced synchrotron emission may indicate an
equipartition total field strength of 0.2" 0.4 µG [89]. Xu et al. [151] observed an
excess of rotation measures (RM) towards two super-clusters which may indicate regular
magnetic fields of< 0.3 µG on scales of order 500 kpc. Gamma-ray halos around active
galactic nuclei can be used to measure the strength of the intergalactic field [2], but the
observed halos could also be instrumental effects. Lee et al. [95] found indications for a
statistical correlation at the 4! level of the RMs of background sources with the galaxy
density field which may correspond to an intergalactic field of about 30 nG strength and
about 1 Mpc coherence length. However, the current data are probably insufficient to
constrain the amplitude and distribution of large-scale intergalactic fields [124].
Progress came with the FERMI satellite. The non-observation of GeV "-ray emission

from the electromagnetic cascade in the IGM initiated by TeV "-rays from blazars
observed with HESS yields a lower limit of the IGMmagnetic field strength of 3 10"16 G
[101]. This IGM must be all-pervasive, with a filling factor of at least 60% [40].

from: Beck, Proc. Texas 2010 Symposium, ed. F.M. Rieger, AIP Conf. Proc [arXiv:1104.3749]

Radio emission in clusters



The future: SKA
122 B. M. Gaensler

Figure 2. A simulation of the rotation measure grid behind the nearby galaxy M31, as seen
with the SKA in a 30-hour observation. The colours are overlays from three observations: red
indicates optical emission, blue corresponds to total intensity radio emission at 5 GHz, and
green indicates polarised radio emission at 5 GHz. The white dots show the locations of 50 000
simulated polarised background sources for which the SKA could extract RMs. Optical image:
Digitized Sky Survey; radio images: courtesy of Rainer Beck.

reversals) depend on parameters such as galaxy type, presence/absence of a bar, or
degree of interaction.

In the lead-up to the SKA, pathfinder instruments also have an important role to play.
In particular, the new wide-field sensitive surveys that will be carried out by ASKAP and
the EVLA will allow us to derive catalogues of polarised extragalactic source counts down
to fluxes of a microjansky or lower. The polarisation properties of these sources will allow
us to separate starburst populations from low-luminosity AGNs (Taylor et al. 2007), and
to characterise the statistical properties of magnetic field geometries in unresolved spiral
galaxies (Arshakian et al. 2009; Stil et al. 2009).

3.2. Evolution: Rotation Measure vs. Redshift

For Faraday rotation at high redshifts, RMs in the observer frame will be reduced in
magnitude by a factor (1+ z)2 compared to the RM in the region where rotation occurs.
Thus if extragalactic RMs are dominated by Faraday rotation intrinsic to the emitting
source, and if all sources have similar intrinsic RMs, then we expect that an ensemble
of sources for which we have measured both RM and z will demonstrate a dependence
|RM| ! (1+z)!2. However, a sample of 268 high-latitude quasars in the redshift range 0 <

z < 3.7 show a slight increase in RM as a function of z (Kronberg et al. 2008). This result,
along with other new measurements of Faraday rotation (Bernet et al. 2008) and Zeeman
splitting (Wolfe et al. 2008) against sources at z " 0.5# 2, provides strong evidence that
the observed RMs have substantial contributions from intervening absorbing galaxies,
and that throughout the last 10 Gyr of cosmic time, typical field strengths in these
absorbers have been at the level of a few microgauss or more. This is at odds with the
expectation from mean-field dynamo theory that the galactic magnetic fields observed
today have steadily grown over time, and favours models in which the field undergoes
relatively rapid amplification.

Current instrumental capabilities introduce three limitations on these intriguing new
results. First, since the observed RM from an extragalactic source is usually dominated

120 B. M. Gaensler

Figure 1. An artist’s impression of the SKA, showing the central core of steerable dishes and
passive aperture tiles. Image created by XILOSTUDIOS for the SKA Project Development
O!ce.

2. SKA Polarisation Pathfinders

Although the full SKA is still some years away, a large number of pathfinder facilities
are either under construction or are already beginning to take data. Many of these will
be carrying out exciting new experiments on polarimetry, Faraday rotation and magnetic
fields. New telescopes with such capabilities include:
• The Galactic Arecibo L-Band Feed Array Continuum Transit Survey (GALFACTS),†

a 1.4-GHz survey that began in late-2008, and which will map the entire polarised sky
visible to Arecibo;
• The Low Frequency Array (LOFAR),‡ currently under construction in the Nether-

lands and Germany, which will study polarisation over the whole northern sky at very
low frequencies (! = 30 ! 80, 110! 240 MHz) (Beck 2009);
• The Allen Telescope Array (ATA)¶ in northern California, a newly operational fa-

cility that has a wide field of view (5 deg2 at 1.4 GHz) and can carry out very large
continuum surveys;
• The Square Kilometre Array Molonglo Prototype (SKAMP)," a refurbishment of the

Molonglo Observatory Synthesis Telescope in south-eastern Australia, which will provide
18 000 m2 of collecting area for studying di!use polarisation at an observing frequency
of # 1 GHz over wide fields;
• The Murchison Widefield Array (MWA),†† an interferometer being built in Western

Australia, which will study polarised emission over wide fields in the frequency range
80–300 MHz;
• The Expanded Very Large Array (EVLA),‡‡, a substantial upgrade to the VLA in

† http://www.ucalgary.ca/ras/GALFACTS
‡ http://www.lofar.org

¶ http://ral.berkeley.edu/ata
! http://www.physics.usyd.edu.au/sifa/Main/SKAMP
†† http://www.haystack.mit.edu/ast/arrays/MWA

‡‡ http://www.aoc.nrao.edu/evla

from: Gaensler, In “Magnetic Fields: From Planets, to Stars and Galaxies,” Vol. 259 of Proc. IAU Symposium (2009)



Observations: lower limit from gamma-rays

IGMFs and GeV emission of 1ES 0229+200 L73

Figure 2. SED of 1ES 0229+200 in the high-energy band and the expected reprocessed GeV emission. Red points show the observed H.E.S.S. spectrum
(Aharonian et al. 2007) and the green points the points after the correction for the absorption with the Low SFR EBL model of Kneiske et al. (2004). See
Tavecchio et al. (2009) for details. The short-dashed black line is an approximation of the intrinsic spectrum, modelled as a hard power law. The long-dashed
line is the corresponding absorbed spectrum following Kneiske et al. (2004). The shaded grey region between these two lines shows the absorbed flux. Note
that the total amount of absorbed power, that is the relevant quantity for the estimate of the level of the reprocessed GeV emission, is only slightly sensitive to
the assumed spectral shape, since it is dominated by the flux at the largest energies. The coloured lines report the approximation of the expected reprocessed
spectrum for different values of the IGMF, B = 10!15, 10!14, 10!13 G and two different values of the initial collimation angle (!c = 0.1 and 0.05 rad, solid
and dashed–dotted lines, respectively), determining the intrinsic beaming of the primary radiation. For comparison, we also report the curves (black dotted
lines) corresponding to the two extreme cases of (upper) B = 0 and (lower) completely isotropy of the reprocessed emission (extremely large B). Black points
show the Fermi/LAT upper limit to the flux in the 100 MeV–1 GeV, 1–10 GeV and 10–30 GeV bands obtained through the spectral parameters derived with
the standard analysis (see the text for more details). The black solid line shows the lowest possible reprocessed spectrum consistent with the upper limits,
corresponding to a magnetic field of B = 5 " 10!15 G (for !c = 0.1).

of 10 per cent at 100 MeV, 5 per cent at 500 MeV and 20 per cent
at 10 GeV (Rando et al. 2009).

3.2 Results

Fig. 2 shows the high-energy SED of 1ES 0229+200 including the
TeV data from H.E.S.S. (red) and the same points corrected for
the absorption (green) using the Low SFR model of Kneiske et al.
(2004). We assume that the intrinsic spectrum is well represented
(dashed line) by a hard power law, FE # E1/3 (see Tavecchio et al.
2009 for the justification of this choice). The black dotted line is the
corresponding absorbed spectrum using the Kneiske et al. (2004)
model. The area in grey shows the flux absorbed and available for
reprocessing. As long as the intrinsic spectrum is hard, the amount
of absorbed energy depends only on the intrinsic luminosity of the
highest energy bin Emax. The most conservative limit on the IGMF
corresponds to the lowest amount of reprocessed radiation that in
turn corresponds to the smallest intrinsic luminosity. To this aim,
we use the EBL model providing the lowest opacity around 10 TeV.

We report the LAT upper limit in the 0.1–1, 1–10 and 10–30 GeV
bands (Table 1). The solid and dot–dashed lines report the expected
reprocessed emission assuming three different values of the IGMF
and two different beaming angles (0.05 and 0.1 rad, corresponding

to bulk Lorentz factors " = 20 and 10, respectively) for the intrinsic
blazar emission. The black line is calculated for the minimum value
of the magnetic field consistent with the upper limit, B = 5 "
10!15 G. Note that, due to the very hard reprocessed spectrum, the
most stringent upper limit is that at the highest energies, 10–30 GeV.
Beaming angles !c smaller than those assumed here (corresponding
to larger bulk Lorentz factors of the jet) would result in lower values
for the upper limit on B (see equation 6).

We remark that unlike the methods based on the estimate of the
rotation measure in the radio band (e.g. Kronberg 2001), with which
it is possible to derive upper limits to the IGMF, this method allows
us to put a lower limit on B. If the hint of detection in the highest
energy bin is real, we have two possibilities: either it is the repro-
cessed radiation, and in this case it gives a measure of B, or it is still
primary emission from the blazar (even if belonging to a component
different than that observed at TeV energies; e.g. Tavecchio et al.
2009), and in this case our limit would still hold.

4 D ISCUSSION

The lower limit on the value of the magnetic field derived here,
B > 5 " 10!15 G, can be considered one of the most stringent
values ever derived for the IGMF. The value is mainly constrained

C$ 2010 The Authors. Journal compilation C$ 2010 RAS, MNRAS 406, L70–L74

~10!12 G on EGMF strength (19, 20). Bounds
on the EGMF strength depend on the field
correlation length, lB, which is also unknown.
A lower limit on lB is set by the requirement
that the resistive magnetic diffusion time scale
has to be larger than the age of the Universe (2),
whereas an upper limit is set only by the size of
the visible part of the Universe, RH.

Here, we report a lower bound for the
EGMF strength, derived from the data of
Fermi and High Energy Stereoscopic System
(HESS) gamma-ray telescopes. Similarly to
the existing upper bounds, the lower bound
depends on the unknown EGMF configura-
tion parameters, such as the typical correlation
length and spectrum.

Gamma rays with energies above ~1 TeV
cannot propagate over cosmological distances be-
cause of absorption resulting from interactionswith
diffuse extragalactic background light (EBL)
(21–24). The mean free path of gamma rays
of energy Eg0 through EBL is Dg " 80k
!Eg0=10 TeV"!1 Mpc, where k ~ 1 is a numerical
factor that accounts for uncertainties of the mea-
surements and modeling of the EBL (25). Inter-
actions of multi-TeV gamma rays with the EBL
lead to the deposition of electron-positron pairs in
the intergalactic space. These e+e! pairs emit sec-
ondary cascade gamma rays via inverse Compton
(IC) scattering of CMB photons. Typical energies
for the IC photons emitted by electrons of energy
Ee " Eg0=2 are Eg # !4=3"&CMB!Ee=mec2"2 "
88!Eg0=10 TeV"2 GeV,where &CMB=6! 10

!4 eV
is the typical energy of CMB photons and Ee

and me are the energy and mass, respectively, of
an electron. Pairs lose energy on IC scattering on
the distance scale De " 1023!Ee=10 TeV"!1 cm,
which is much smaller than the gamma ray mean
free path Dg. Power removed from the primary
gamma-ray beam is transferred to the cascade
gamma-ray emission.

If magnetic fields, which deviate electron and
positron trajectories, are negligibly small, the IC
emission from the electromagnetic cascade
contributes to the primary point gamma-ray
source flux (26–29). Otherwise, if magnetic
fields along the path of development of the
cascade are strong enough to deviate the tra-
jectories of the pairs, the cascade emission
appears as extended emission around the initial
point source (25, 30–33).

The deflection angle d depends on the cor-
relation length of the magnetic field. If lB # De,
the motion of electrons or positrons can be ap-
proximated by the motion in a homogeneous
magnetic field. In this case d " De=RL " 3$
10!4!B=10!16G"!Ee=10 TeV"!2 is a ratio ofDe to
the Larmor radius,RL. IflB $ De, electron deflec-
tions are describable by diffusion in angle, so that
the deflection angle is d #

!!!!!!!!!!

DelB
p

=RL " 5$
10!5!Ee=10 TeV"!3=2!B=10!16 G"!lB=1 kpc"

1=2 .
The size of the extended cascade source is esti-
mated asQext " d=t, where t =D/Dg is the optical
depth for gamma rays from a source at a distance
D with respect to absorption on EBL (25).

Because lower energy electrons are deviated
by larger angles, the size of the extended cascade
source Qext is larger at low energies. The energy
of cascade photons, Eg,min, below which the ex-
tended source size becomes larger than the point
spread function (PSF) of a telescope, depends
on the EGMF strength and correlation length. In
the case of the Fermi telescope, the PSF depends
on the photon energy, decreasing as QPSF "
2°!Eg=1 GeV"!0:8 (95% of the signal) below
Eg % 1 GeVand improving from &2° at 1 GeV to
QPSF " 0:2° at Eg & 10 GeV (34). Taking the

photon energyEg & 10 GeV as a reference, one
finds that Qext ' QPSF if

B ' BPSF "

6$ 10!17t!Eg,min=10 GeV"
$ G,lB > De

8$ 10!16t!Eg,min=10 GeV"3=4

$ !lB=1 kpc"!1=2G,lB < De

8

>

>

<

>

>

:

!1"

To constrain the presence of a cascade con-
tribution in the spectra of distant TeV blazars, we
have analyzed Fermi/LAT (Large Area Tele-

Fig. 1. A comparison of
models of cascade emis-
sion from TeV blazars
(thick solid black curves)
with Fermi upper limits
(gray curves) and HESS
data (gray data points).
Thin dashed curves show
the primary (unabsorbed)
source spectra. Dotted
curves show the overall
(cascade plus direct)
spectra after propagation
through the EBL. Vertical
lines with arrows show
the energies below which
the cascade emission
should be suppressed.
HESS data points (with
SEM error bars) are
taken from (23, 36, 37).

Fig. 2. Light, medium,
and dark gray: known ob-
servational bounds on the
strength and correlation
length of EGMF, summa-
rized in (25). The bound
fromBig Bangnucleosyn-
thesis (BBN) is from (2).
The black hatched region
shows the lower bound
on the EGMF derived
from observations of 1ES
0347-121(cross-hatching)
and 1ES 0229+200 (sin-
gle diagonal hatching) in
this paper.Orangehatched
regions show the allowed
ranges of B and lB for
magnetic fields generated
at the epoch of inflation
(horizontal hatching), the
electroweak phase tran-
sition (denseverticalhatch-
ing), QCD phase transition
(medium vertical hatch-
ing), and epoch of recombination (light vertical hatching) (25). White ellipses show the range of mea-
sured magnetic field strengths and correlation lengths in galaxies and galaxy clusters.
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Notation and units



✴Power spectrum:                                                   symmetric      antisymmetric

Notation and units JCAP03(2011)037

This is used in the following as initial condition for the solutions of the full mode equation.
Notice that the free plane wave solution only yields a valid initial condition if eq. (3.9)
is satisfied.

3.3 Power spectra and physical quantities

The statistical distribution of the EM fields as seen by an observer can now be quantified in
terms of a given solution for the helicity modes of the EM vector potential. We define the
magnetic power spectrum and relate it to the magnetic energy and helicity density.

If the magnetic field generated by some process is statistically homogeneous and
isotropic, its spectrum is determined by two scalar functions PS(k) and PA(k). Since the
magnetic field is a divergence-free vector field the two-point function of the Fourier compo-
nents of the magnetic field can be written as

! !Bi(t,k) !B!
j (t,q)" =

(2!)3

2
"(k # q)

"
("ij # k̂ik̂j)PS(t, k) (3.11)

#i#ijnk̂nPA(t, k)
#

where PS and PA are the symmetric and anti-symmetric parts of the power spectrum, re-
spectively. The symmetric part of the spectrum determines the energy density while the
anti-symmetric part corresponds to the helicity density:

! !Bi(t,k) !B!
i (t,q)" = (2!)3"(k # q)PS(t, k) (3.12)

! !Ai(t,k) !B!
i (t,q)" = ik"2!(k $ !B)i(t,k) !B!

i (t,q)"
= k"1(2!)3"(k # q)PA(t, k) . (3.13)

With respect to the helicity basis, see A, the spectra can directly be written as

PS/A(t, k) = k2
$
|A+(t, k)|2 ± |A"(t, k)|2

%
, (3.14)

where the upper sign corresponds to PS and the lower sign to PA. Here we use the non-trivial
result widely applied in inflationary cosmology that at late times, the vacuum expectation
values of the fields generated during inflation can be interpreted as stochastic power spectra.

We define the magnetic energy density per logarithmic wave number via

!!$B(t)" =

& #

0

dk

k

d!$B

d ln k
(t, k) , (3.15)

so that
d!$B

d ln k
(t, k) =

k3

(2!)2
PS(t, k) . (3.16)

Similarly, we define the magnetic helicity per logarithmic wave number as !H = A!
!B!,

d!H
d ln k

(t, k) =
k2

2!2
PA(t, k) . (3.17)

Finally, the electric field is given by the time derivative of the vector-potential and thus
its contribution to the energy density, !$E = !E!

!E!/2, is computed to be

d!$E

d ln k
(t, k) =

k3

(2!)2

'
|Ȧ+(t, k)|2 + |Ȧ"(t, k)|2

(
. (3.18)

Notice that any electric fields produced during inflation will be damped very rapidly after
inflation due to the huge conductivity of the primordial plasma.
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✴Power spectrum:                                                   symmetric      antisymmetric

✴Magnetic energy density:

Notation and units JCAP03(2011)037

This is used in the following as initial condition for the solutions of the full mode equation.
Notice that the free plane wave solution only yields a valid initial condition if eq. (3.9)
is satisfied.

3.3 Power spectra and physical quantities

The statistical distribution of the EM fields as seen by an observer can now be quantified in
terms of a given solution for the helicity modes of the EM vector potential. We define the
magnetic power spectrum and relate it to the magnetic energy and helicity density.

If the magnetic field generated by some process is statistically homogeneous and
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magnetic field is a divergence-free vector field the two-point function of the Fourier compo-
nents of the magnetic field can be written as

! !Bi(t,k) !B!
j (t,q)" =

(2!)3

2
"(k # q)

"
("ij # k̂ik̂j)PS(t, k) (3.11)

#i#ijnk̂nPA(t, k)
#
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where the upper sign corresponds to PS and the lower sign to PA. Here we use the non-trivial
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Notice that any electric fields produced during inflation will be damped very rapidly after
inflation due to the huge conductivity of the primordial plasma.
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✴Energy density in magnetic fields

5.2. COSMIC MAGNETIC FIELDS 131

small. The fractional magnetic energy density in radiation era is

ΩB =
ρB
ρrel

� 10−7

�
B

10−9 G

�2

. (5.1)

This means that a magnetic field of the order of 10−9 G can give rise to fluctuations of the
order of 10−7, which is a 1% effect in the CMB. Therefore, magnetic fields that are just
about strong enough to seed the dynamo mechanism, 10−22 G before structure collapse,
will never be detected in the CMB. Nevertheless, let us go through the effects of magnetic
fields on the CMB and the constraints.

An anisotropic homogeneous field gives rise to anisotropic shear expansion and has
a dramatic impact on the quadrupole of the angular CMB temperature power spectrum.
Barrow et al. [190] derived a limit of B < 6.8 × 10−8(Ωmh)1/2 G today. Another effect
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Progress on Old and New Themes in Cosmology,

Avignon, April 20, 2011

Cosmological Parameters: 4
Primordial Magnetic Fields (see talks by Durrer, Hollenstein, Ruchayskiy)

Stochastic Background

WMAP 7 + ACBAR + QUAD + BICEP

Planck (70+100+143 GHz)

Paoletti & Finelli 2010

Planck alone extended 

mission forecast

Causal mechanisms with
not favoured by data

current CMB:

Planck alone:

Paoletti & Finelli, arXiv:1005.0148
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~10!12 G on EGMF strength (19, 20). Bounds
on the EGMF strength depend on the field
correlation length, lB, which is also unknown.
A lower limit on lB is set by the requirement
that the resistive magnetic diffusion time scale
has to be larger than the age of the Universe (2),
whereas an upper limit is set only by the size of
the visible part of the Universe, RH.

Here, we report a lower bound for the
EGMF strength, derived from the data of
Fermi and High Energy Stereoscopic System
(HESS) gamma-ray telescopes. Similarly to
the existing upper bounds, the lower bound
depends on the unknown EGMF configura-
tion parameters, such as the typical correlation
length and spectrum.

Gamma rays with energies above ~1 TeV
cannot propagate over cosmological distances be-
cause of absorption resulting from interactionswith
diffuse extragalactic background light (EBL)
(21–24). The mean free path of gamma rays
of energy Eg0 through EBL is Dg " 80k
!Eg0=10 TeV"!1 Mpc, where k ~ 1 is a numerical
factor that accounts for uncertainties of the mea-
surements and modeling of the EBL (25). Inter-
actions of multi-TeV gamma rays with the EBL
lead to the deposition of electron-positron pairs in
the intergalactic space. These e+e! pairs emit sec-
ondary cascade gamma rays via inverse Compton
(IC) scattering of CMB photons. Typical energies
for the IC photons emitted by electrons of energy
Ee " Eg0=2 are Eg # !4=3"&CMB!Ee=mec2"2 "
88!Eg0=10 TeV"2 GeV,where &CMB=6! 10

!4 eV
is the typical energy of CMB photons and Ee

and me are the energy and mass, respectively, of
an electron. Pairs lose energy on IC scattering on
the distance scale De " 1023!Ee=10 TeV"!1 cm,
which is much smaller than the gamma ray mean
free path Dg. Power removed from the primary
gamma-ray beam is transferred to the cascade
gamma-ray emission.

If magnetic fields, which deviate electron and
positron trajectories, are negligibly small, the IC
emission from the electromagnetic cascade
contributes to the primary point gamma-ray
source flux (26–29). Otherwise, if magnetic
fields along the path of development of the
cascade are strong enough to deviate the tra-
jectories of the pairs, the cascade emission
appears as extended emission around the initial
point source (25, 30–33).

The deflection angle d depends on the cor-
relation length of the magnetic field. If lB # De,
the motion of electrons or positrons can be ap-
proximated by the motion in a homogeneous
magnetic field. In this case d " De=RL " 3$
10!4!B=10!16G"!Ee=10 TeV"!2 is a ratio ofDe to
the Larmor radius,RL. IflB $ De, electron deflec-
tions are describable by diffusion in angle, so that
the deflection angle is d #

!!!!!!!!!!

DelB
p

=RL " 5$
10!5!Ee=10 TeV"!3=2!B=10!16 G"!lB=1 kpc"

1=2 .
The size of the extended cascade source is esti-
mated asQext " d=t, where t =D/Dg is the optical
depth for gamma rays from a source at a distance
D with respect to absorption on EBL (25).

Because lower energy electrons are deviated
by larger angles, the size of the extended cascade
source Qext is larger at low energies. The energy
of cascade photons, Eg,min, below which the ex-
tended source size becomes larger than the point
spread function (PSF) of a telescope, depends
on the EGMF strength and correlation length. In
the case of the Fermi telescope, the PSF depends
on the photon energy, decreasing as QPSF "
2°!Eg=1 GeV"!0:8 (95% of the signal) below
Eg % 1 GeVand improving from &2° at 1 GeV to
QPSF " 0:2° at Eg & 10 GeV (34). Taking the

photon energyEg & 10 GeV as a reference, one
finds that Qext ' QPSF if

B ' BPSF "

6$ 10!17t!Eg,min=10 GeV"
$ G,lB > De

8$ 10!16t!Eg,min=10 GeV"3=4

$ !lB=1 kpc"!1=2G,lB < De

8

>

>

<

>

>

:

!1"

To constrain the presence of a cascade con-
tribution in the spectra of distant TeV blazars, we
have analyzed Fermi/LAT (Large Area Tele-

Fig. 1. A comparison of
models of cascade emis-
sion from TeV blazars
(thick solid black curves)
with Fermi upper limits
(gray curves) and HESS
data (gray data points).
Thin dashed curves show
the primary (unabsorbed)
source spectra. Dotted
curves show the overall
(cascade plus direct)
spectra after propagation
through the EBL. Vertical
lines with arrows show
the energies below which
the cascade emission
should be suppressed.
HESS data points (with
SEM error bars) are
taken from (23, 36, 37).

Fig. 2. Light, medium,
and dark gray: known ob-
servational bounds on the
strength and correlation
length of EGMF, summa-
rized in (25). The bound
fromBig Bangnucleosyn-
thesis (BBN) is from (2).
The black hatched region
shows the lower bound
on the EGMF derived
from observations of 1ES
0347-121(cross-hatching)
and 1ES 0229+200 (sin-
gle diagonal hatching) in
this paper.Orangehatched
regions show the allowed
ranges of B and lB for
magnetic fields generated
at the epoch of inflation
(horizontal hatching), the
electroweak phase tran-
sition (denseverticalhatch-
ing), QCD phase transition
(medium vertical hatch-
ing), and epoch of recombination (light vertical hatching) (25). White ellipses show the range of mea-
sured magnetic field strengths and correlation lengths in galaxies and galaxy clusters.
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‣ Magnetic fields of 
~µGauss observed in 
galaxies, clusters & 
regions around high-z 
quasars

‣ CMB bounds: B < 10-9 G

‣ Constrained cluster 
simulations: B < 10-10 G

‣ Missing secondary GeV 
gamma-rays from TeV 
blazars: B > 10-15 G

Observational bounds in summary

from: Neronov & Vovk, Science 328 (2010) 73
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seed field:
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Seed fields needed

? Primordial mechanisms:
- during inflation
- phase transitions

? Pre-recombination: Vorticity
=> Harrison’s mechanism

? Astrophysics: battery effects, 
turbulence, AGN, SNe, ... seed field:

10-27 - 10-23 G 
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✴Standard EM is conformally invariant        fluctuations do not grow in 
conformally flat space-times such as Friedmann-Lemaître-Robertson-Walker.

✴Modifications could be introduced to break conformal invariance:

where I(...), M(...), f(...) are some possible couplings to (pseudo-)scalar fields 
(inflaton or not) or curvature invariants.

✴As a consequence the evolution of the Fourier modes of quantum 
fluctuations in the photon field is modified.

Electromagnetism & inflation

L ⊃ −1

4
I2(φ, R)FµνF

µν +M2(φ, R)AµA
µ +

1

4
f(φ, R)Fµν
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Non-helical case

✴ Invoke coupling                 . Modes of the vector potential evolve as

✴Energy density and field strength

I2(φ)F 2

¨̄A± + (k2 − Ï/I)Ā± = 0 , Ā± = IA±

d�ρB
d ln k

=
C(γ)

2π2
H

4(−kt)4+2γ � 9

4π2
H

4

(γ = −2)

�Bk ∼ 5× 10−10Gauss

�
H

10−5MPl

�2



Non-helical case

✴ Invoke coupling                 . Modes of the vector potential evolve as

✴Energy density and field strength

✴Problems:
- exponentially sensitive to parameters >> no generically flat spectrum
- hugh dynamics in coupling & therefore in the value of the electron charge
   See e.g. Demozzi et al, JCAP 08 (2009) 025)
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✴Helicity density:

Helicity: 

Helical magnetic fields

JCAP03(2011)037

This is used in the following as initial condition for the solutions of the full mode equation.
Notice that the free plane wave solution only yields a valid initial condition if eq. (3.9)
is satisfied.

3.3 Power spectra and physical quantities

The statistical distribution of the EM fields as seen by an observer can now be quantified in
terms of a given solution for the helicity modes of the EM vector potential. We define the
magnetic power spectrum and relate it to the magnetic energy and helicity density.

If the magnetic field generated by some process is statistically homogeneous and
isotropic, its spectrum is determined by two scalar functions PS(k) and PA(k). Since the
magnetic field is a divergence-free vector field the two-point function of the Fourier compo-
nents of the magnetic field can be written as

! !Bi(t,k) !B!
j (t,q)" =

(2!)3

2
"(k # q)

"
("ij # k̂ik̂j)PS(t, k) (3.11)

#i#ijnk̂nPA(t, k)
#

where PS and PA are the symmetric and anti-symmetric parts of the power spectrum, re-
spectively. The symmetric part of the spectrum determines the energy density while the
anti-symmetric part corresponds to the helicity density:

! !Bi(t,k) !B!
i (t,q)" = (2!)3"(k # q)PS(t, k) (3.12)

! !Ai(t,k) !B!
i (t,q)" = ik"2!(k $ !B)i(t,k) !B!

i (t,q)"
= k"1(2!)3"(k # q)PA(t, k) . (3.13)

With respect to the helicity basis, see A, the spectra can directly be written as

PS/A(t, k) = k2
$
|A+(t, k)|2 ± |A"(t, k)|2

%
, (3.14)

where the upper sign corresponds to PS and the lower sign to PA. Here we use the non-trivial
result widely applied in inflationary cosmology that at late times, the vacuum expectation
values of the fields generated during inflation can be interpreted as stochastic power spectra.

We define the magnetic energy density per logarithmic wave number via

!!$B(t)" =

& #

0

dk

k

d!$B

d ln k
(t, k) , (3.15)

so that
d!$B

d ln k
(t, k) =

k3

(2!)2
PS(t, k) . (3.16)

Similarly, we define the magnetic helicity per logarithmic wave number as !H = A!
!B!,

d!H
d ln k

(t, k) =
k2

2!2
PA(t, k) . (3.17)

Finally, the electric field is given by the time derivative of the vector-potential and thus
its contribution to the energy density, !$E = !E!

!E!/2, is computed to be

d!$E

d ln k
(t, k) =

k3

(2!)2

'
|Ȧ+(t, k)|2 + |Ȧ"(t, k)|2

(
. (3.18)

Notice that any electric fields produced during inflation will be damped very rapidly after
inflation due to the huge conductivity of the primordial plasma.

– 10 –

H =

�
d
3
xH ∝

�
d
4
xFαβ

�Fαβ

From Electroweak/QCD Phase transition?

Correlation scale usually tiny: H!1
! 1 cm (EW) or ! 104 cm

QCD phase transition or comoving RH ! 100AU/0.1 pc
Generates decaying MHD turbulence increasing coherence scale.

Unless Helicity generation/Conservation leads to Inverse
Cascade (Brandenburg et al, PRD 96, Banerjee & Jedamzik, 2004)

Magnetic Helicity H =
R

V A · B dV , "# A = B

A is vector potential, V is closed volume

Measures links and twists in B

Helicity is nearly conserved even when energy dissipated

Helicity generation during EW baryogenesis: H/V ! nb/!!
(Vachaspati, 2001; Copi et al 2008; Diaz-Gil et al, 2008)

B ! 5 # 10!12(L/1kpc)! (BJ,05): L quite uncertain.
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✴Helicity density:

Helicity: 

✴For an axial coupling, f(φ)F*F, to scalar inflaton:

Helical magnetic fields
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F to a curvature term. Here, we investigate the first possibility and study a helical coupling
given by the action

S[!, Aµ] !
!

d4x
"
#g {L!(!) + Lem(Aµ) + LI(!, Aµ)} . (2.1)

The Lagrangian densities of the free fields are

L!(!) ! 1

2
g"#(""!)("#!) + V (!) (2.2)

Lem(Aµ) ! #1

4
F"#F"# . (2.3)

and the axial interaction is given by

LI(!, Aµ) ! 1

4
f(!)F"#

"F"# . (2.4)

It describes a coupling of the scalar field to the parity-violating term, F "F , where "F is the
dual of the EM field tensor and is defined as

"Fµ$ ! 1

2
#µ$"#F"# . (2.5)

Here #µ$"# is the totally anti-symmetric tensor in four dimensions with #0123 ! (#g)!1/2.
For an observer with 4-velocity uµ the electric and magnetic fields are Eµ = Fµ"u" and

Bµ = "Fµ"u", respectively, and we have F"#
"F"# = #4E"B".

If the scale of inflation is above the electroweak scale then, in principle, one should
specify whether ! couples to U(1), SU(2) or both of the electroweak SU(2)L $ U(1)Y . If
the coupling is to both, which seems simplest, the same process that leads to magnetic field
helicity also induces a non-zero baryon number which is related to the electroweak Chern-
Simons number [35]. The electromagnetic Chern-Simons number is equivalent to the helicity.
In this work we do not discuss this additional potentially interesting aspect, but concentrate
on the magnetic fields remaining after the end of the electroweak phase transition. We assume
the conversion from W 0 and Y into photons to be e!cient and not to a"ect the resulting
magnetic field distribution significantly so that we may simply consider the coupling of ! to
the photon field.

The axial coupling is characterised by the scalar function f(!). We will see later how this
function a"ects the evolution of the vector potential. Notice that if f(!) was a constant, the
EM part of the action would still be conformally invariant and therefore, no EM fluctuations
could be amplified during inflation. Note also that the term LI either breaks parity explicitly
if ! is a normal scalar field or, if ! is a pseudo-scalar, parity is broken spontaneously by the
presence of a background field ! %! 0. For the discussion in this work, this distinction is not
relevant. However, in certain models, it might be relevant for the amount of parity violation
generated during reheating.

Varying the action with respect to ! leads to a sourced equation of motion for the
scalar field

&"""! # V "(!) =
1

4
f "(!) F"#

"F"# . (2.6)

The primes in V "(!) and f "(!) denote derivatives with respect to !. The field equations for
the EM field follow from varying the action with respect to Aµ:

&"Fµ" = f "(!) (""!) "Fµ" . (2.7)
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This is used in the following as initial condition for the solutions of the full mode equation.
Notice that the free plane wave solution only yields a valid initial condition if eq. (3.9)
is satisfied.

3.3 Power spectra and physical quantities

The statistical distribution of the EM fields as seen by an observer can now be quantified in
terms of a given solution for the helicity modes of the EM vector potential. We define the
magnetic power spectrum and relate it to the magnetic energy and helicity density.

If the magnetic field generated by some process is statistically homogeneous and
isotropic, its spectrum is determined by two scalar functions PS(k) and PA(k). Since the
magnetic field is a divergence-free vector field the two-point function of the Fourier compo-
nents of the magnetic field can be written as

! !Bi(t,k) !B!
j (t,q)" =

(2!)3

2
"(k # q)

"
("ij # k̂ik̂j)PS(t, k) (3.11)

#i#ijnk̂nPA(t, k)
#

where PS and PA are the symmetric and anti-symmetric parts of the power spectrum, re-
spectively. The symmetric part of the spectrum determines the energy density while the
anti-symmetric part corresponds to the helicity density:

! !Bi(t,k) !B!
i (t,q)" = (2!)3"(k # q)PS(t, k) (3.12)

! !Ai(t,k) !B!
i (t,q)" = ik"2!(k $ !B)i(t,k) !B!

i (t,q)"
= k"1(2!)3"(k # q)PA(t, k) . (3.13)

With respect to the helicity basis, see A, the spectra can directly be written as

PS/A(t, k) = k2
$
|A+(t, k)|2 ± |A"(t, k)|2

%
, (3.14)

where the upper sign corresponds to PS and the lower sign to PA. Here we use the non-trivial
result widely applied in inflationary cosmology that at late times, the vacuum expectation
values of the fields generated during inflation can be interpreted as stochastic power spectra.

We define the magnetic energy density per logarithmic wave number via

!!$B(t)" =

& #

0

dk

k

d!$B

d ln k
(t, k) , (3.15)

so that
d!$B

d ln k
(t, k) =

k3

(2!)2
PS(t, k) . (3.16)

Similarly, we define the magnetic helicity per logarithmic wave number as !H = A!
!B!,

d!H
d ln k

(t, k) =
k2

2!2
PA(t, k) . (3.17)

Finally, the electric field is given by the time derivative of the vector-potential and thus
its contribution to the energy density, !$E = !E!

!E!/2, is computed to be

d!$E

d ln k
(t, k) =

k3

(2!)2

'
|Ȧ+(t, k)|2 + |Ȧ"(t, k)|2

(
. (3.18)

Notice that any electric fields produced during inflation will be damped very rapidly after
inflation due to the huge conductivity of the primordial plasma.
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R

V A · B dV , "# A = B

A is vector potential, V is closed volume

Measures links and twists in B

Helicity is nearly conserved even when energy dissipated
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Non-helical case:

Helical case:

✴The two helicity modes
evolve differently.

✴The coupling term is scale-
dependent & only active around
horizon-crossing. On large scales: JCAP03(2011)037
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Figure 1. The evolution of the two helicity modes (+ solid red, ! dashed blue) for wavenumber
k = 10/Mpc is shown as a function of the number of e-foldings, N , during inflation. Here we consider
an axial coupling function f " !p, as discussed in detail in section 4.2. Both modes feel the axial
coupling only around horizon crossing, at Ncross # 10, while the evolution ceases and the modes
saturate quickly after crossing. Here inflation ends at N # 60.

The second term is small by definition and the coupling term can be important on super-
Hubble scales only if f is a rapidly varying function of time, i.e. fN = ḟ/H $ 1 and then only
for as long as fN > H/k. On sub-Hubble scales, for k $ H, we may approximate Äh % k2Ah.
As long as k $ fNH the first and second terms in eq. (3.4) dominate. Hence the coupling
term is typically relevant only at Hubble crossing k % H during a few Hubble times at best.
In figure 1, we show the evolution of the two helicity modes for a given wavenumber in case of
a power law coupling, f " !p. Clearly, the modes only feel the axial coupling around horizon
crossing. This fact turns out to be relevant for the resulting spectrum. We will discuss this
issue in more detail in section 4.2.

3.2 Vacuum solutions and initial conditions

To study the generation of perturbations during inflation, we need to set the initial conditions
when the mass term ± kHfN in eq. (3.4) can be neglected, i.e. well inside the Hubble horizon
at early times. This condition is usually formulated in terms of the variable x & !kt which
approaches infinity in this limit. During slow roll inflation H # !1/t, so that x = !kt #
k/H $ 1 if the mode with wavenumber k is well inside the Hubble horizon.

From the mode equation (3.4), we see that if initially

fN (!in) = f !(!in)!̇in/Hin ' k/Hin (3.9)

the axial coupling term can be neglected with respect to the k2 term and the mode equation
becomes a free wave equation. Its solutions are plane waves. We match to the incoming
vacuum solution described in A,

Ah(t, k) = Afree(t, k) = (2k)"1/2e"ikt , for !kt $ 1 . (3.10)
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✴Slowly rolling inflaton: 

✴For constant
the evolution of the modes
can be solved analytically:

Slow roll
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for h = ±1. This solution of the mode equation has also been found in ref. [42] for N -flation.
Below we shall argue that it is very general.

To understand the e!ect of the axial coupling on the growth of EM quantum fluctuations
and to compute the magnetic power spectra at the end of inflation, we analyse the late time
limit of this solution, i.e. when x ! 0. Using the approximate expressions derived in C, we
find the asymptotic limit at late times as

Ah(x) "!
x!0

(2k)"1/2

!
exp("h!fN/2) sinh(!fN/2)

!fN/2

"1/2

. (4.20)

The late time behaviour of both helicity modes is independent of x, and therefore of t, and the
scale-dependence is not changed with respect to the free solution. The modes are coherently
amplified while crossing the horizon, before they saturate outside the horizon. Notice also
that we did not use the asymptotic limit given in 14.6.9 " 10 of ref. [49] because it is not
correct. (In this context, see discussion in C.)

Given the late time behaviour of the helicity mode functions, it is easy to compute
the magnetic field power spectra produced at the end of inflation. The symmetric power
spectrum is

PS(k) = k
sinh(!fN )

!fN
(4.21)

while the antisymmetric one is

PA(k) = k
cosh(!fN ) " 1

!fN
(4.22)

Notice that both spectra are proportional to k and only their amplitude changes with the
coupling strength fN . In figure 2, we illustrate the k-independent amplification factors of PS

and PA as a function of fN . The larger |fN | the smaller the di!erence between PS and PA,
i.e. the more helical the magnetic fields become. As one infers from eqs. (4.21) and (4.22),
both amplification factors tend to (2!fN )"1 exp(!fN ) for large values of fN .

The magnetic energy density per logarithmic wave number at the end of inflation can
directly be computed to be

d"B

d ln k
(tend, k) =

k4

a4
end

sinh(!fN )

4!3fN
# k4

a4
end

S2(fN ) . (4.23)

Here, we define S2(fN ) to be the amplitude of magnetic energy density spectrum. Since its
spectrum is blue, the magnetic energy density is dominated by the cut-o! scale, which is set
by the last scale that exits the horizon before the end of inflation, kc = Hend = (aH)end.
With this we obtain

"B(tend) $ 1

4
H4

end S2(fN ) . (4.24)

By means of the Friedmann equation, we have

"B(tend) # "B

"tot
$ S2(fN )

12

#
Hend

mP

$2

. (4.25)

The generic condition for backreaction to be negligible then is

S(fN ) !
mP

Hend
. (4.26)
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Figure 2. The symmetric (solid, red) and antisymmetric (dashed, blue) power spectra of the magnetic

fields, PS,A/k, are plotted as a function of the e!ective coupling constant |fN |. For vanishing coupling,

the vacuum solution, PS/k = 1 and PA/k = 0 is recovered, while the larger the coupling, the smaller

the di!erence between PS and PA. As discussed in the main text, for the theory to be perturbative

we must require |fN | < 1 and therefore, the amplification of the magnetic fields is small.

If we assume that the reheating phase is short so that 3m2
P H2

end = !tot ! T 4
! , where T! is the

reheating temperature, we can write the above bound from backreaction as

S(fN ) !
m2

P

T 2
!

. (4.27)

For couplings that are perturbative in the naive sense discussed above, |fN | < 1, S(fN ) is

of order unity and, therefore, no backreaction on the background evolution is expected if

inflation ends well below the Planck scale. However, the results above hold for any constant

value of fN , even if it was larger than unity. Since we cannot prove that perturbativity is

strictly required, we shall therefore not restrict ourselves to this case in the following. For

instance, if the EM field was coupled to a large number, N , of pseudo-scalar fields then

fN "
#
N fN , a situation where the e!ective coupling term can be large without spoiling the

perturbativity of the interactions with the individual scalar fields, see ref. [42].

In the more general case where fN is time dependent, in principle we have to evaluate

fN at horizon crossing. This would lead to a slight modification of the spectrum but would

not spoil the discussion of backreaction above. In the following we neglect this e!ect, as it is

quite irrelevant for the few orders of magnitude in k which we are interested in, see figure 4.

At the end of inflation and after reheating, we expect the universe to be filled with

relativistic standard model particles, a relativistic highly conducting plasma. In this medium,

the MHD approximation is valid and electric fields are rapidly damped away. We therefore

do not discuss the electric field spectrum which will not survive reheating.

The helicity density per logarithmic wave number at the end of inflation is simply
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Conditions on the coupling function

✴ Is constant       a good approximation? (reminder:                      ) 

‣ The coupling is only active around horizon crossing (a few e-foldings):
            can be taken constant for each mode, at least.

‣ The inflaton only varies slowly during inflation:
if          is not an extremely rapidly varying function (double exponential),
then       constant throughout is a good approximation.

✴Naïve bound from pertubativity of the modified electromagnetism:

fN

fN

f(φ)
fN
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4 Analytic solutions during slow roll inflation

In this section, we first derive a condition on the coupling function f(!) such that the theory
can be treated perturbatively. Even though we cannot prove that the theory does not make
sense otherwise, our treatment is perturbative and so we can really trust it only if interactions
are small. In our subsequent analysis in section 6 we shall, however, analyse the results also if
this condition is not satisfied. We then investigate two di!erent forms of the coupling function
and obtain upper bounds on its parameters without specifying a model of inflation. Finally,
we solve the mode equation in slow roll for a constant fN analytically, derive the resulting
magnetic field power spectrum at the end of inflation and discuss the issue of backreaction
on the background evolution of the inflaton.

4.1 Condition on the coupling function

In order to derive a condition on the coupling function such that the theory can be treated
perturbatively, the interaction between the scalar field and the EM field should be small at
all times. For this we demand that the ratio of the actions for the interaction term to the
free EM term should be less than unity, i.e.

!!!!
SI [", Aµ]

Sem[Aµ]

!!!! < 1. (4.1)

In B we show that in a FL background the free EM action can be written as

Sem[Aµ] = V

"
dt !##E(t) " ##B(t)#V (4.2)

where !. . .#V denotes the average over volume V in coordinate space and is assumed to be
equivalent to the expectation value defined in eq. (3.15). Similarly, the interaction part of
the action can be expressed in terms of the magnetic helicity as (see B)

SI [", Aµ] =
1

2
V

"
dt ḟ !#H(t)#V . (4.3)

To compare the two parts of the action, one has to evaluate the time integrals for a given
scenario. For the case of a maximally helical magnetic field, e.g. |A+| = |A| with |A!| = 0
and assuming a power law form for the spectrum given by

PS = PA = k2|A|2 = B2
0 kn , (4.4)

we find that

!##B(t)#V $ B2
0

(2$)2
kn+3
max(t)

(n + 3)
(4.5)

!#H(t)#V $ 2B2
0

(2$)2
kn+2
max(t)

(n + 2)
(4.6)

where kmax(t) is the cut-o! scale which is the smallest scale crossing the Hubble scale at time
t when the volume average is computed, hence kmax $ H(t). To estimate the energy density
for the electric field, we can approximate |Ȧ| $ H|A| at large scales which then leads to

!##E(t)#V $ B2
0

(2$)2
kn+1
max(t)

(n + 1)
H2 (4.7)
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✴Bound from backreaction: demanding the generated electromagnetic fields 
not to affect the inflaton background evolution, yields

  

                                                        where

Backreaction & other bounds

S(fN ) ≡

�
sinh(πfN )

4π3fN

 reheating 
temperature

S(fN ) � mP

Hend
� m

2
P

T 2
�

� 1.5× 1010
�
1014 GeV

T�

�2

fN � 17
1014 GeV

T�

~ factor of amplification 
of vacuum fluctuations



Deviations from slow roll

✴Numerical comparison of the
slow roll result with real model

✴A short interruption of slow roll
inflation is allowed by the CMB
data, though already strongly
constrained. 
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Figure 4. The relative deviation of the magnetic field power spectrum from an exact k-spectrum

is plotted as a function of the wave number k for the power law coupling with p = 2, f0 = 1/5.

The dashed black line indicates the numerical solution for slow roll inflation (! = 0) while the solid

red line is the spectrum resulting from a deviation from slow roll. The horizontal dotted blue line is

the magnetic field spectrum from the slow roll approximation, fN = 4/5. The deviation from this

approximated spectrum is always small. Only the scales which exit the Hubble radius around the

time when a deviation from slow roll or equivalently a bump in the coupling term occurs are a!ected

more strongly.

from slow roll leads to a bump in the coupling term as compared to the slow roll case and

therefore, one can expect an e!ect in the magnetic field power spectrum on the scales which

exit the Hubble radius around the time when the bump in the coupling term occurs.

In figure 4, we plot the relative deviation of the magnetic field power spectrum over an

exact k-spectrum as a function of k for the power law coupling. The exact numerical solution

for slow roll deviates slightly from the PS ! k spectrum due to the slight scale dependence

of S2
(fN ). Modulations in the spectrum arise as a result of a deviation from slow roll. We

find that for the best fit values of the parameters of the potential (5.1), the spectrum of the

magnetic field is not strongly modified. Indeed, we conclude that even the deviation from

slow roll, within the limits required by CMB data, does not significantly modify the magnetic

field spectrum. We find that the exponential coupling leads to a similar behaviour for the

coupling term and the magnetic field spectrum.

6 The magnetic field at the end of inflation and its further evolution

Our main results are eqs. (4.23) and (4.28) which determine the magnetic energy density and

helicity density at the end of inflation. Note, however, that we do not renormalise the energy
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given by
dH

d ln k
(tend, k) =

k3

a3
end

cosh(!fN ) ! 1

2!3fN
. (4.28)

Note that !H " !"B/kc, which therefore has to be constant when helicity is conserved.
We believe that this result is more general than the particular cases studied here: when-

ever the function fN is rapidly varying so that fN (t) = constant during slow roll is no longer
a good approximation, the fact that we require |fN | < 1 during the entire period of inflation
means that fN must be oscillating. Though, because the coupling is active only for the small
number of e-foldings during which a mode crosses the Hubble scale, resonant amplification
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then Bessel functions and the Bessel function index, which determines the spectral index at
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!kt < 1, while a term of order (k/t)Ah is relevant only around horizon crossing. On super-
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term becomes dominant.

5 Deviations from slow roll

In the previous section, we discuss two di"erent functional forms of the axial coupling of
the inflaton to the EM field, namely a power law and an exponential. Within the slow
roll approximation we find that fN can safely be considered constant. This always leads
to a magnetic field power spectrum proportional to k. In this section, we first confirm our
analytical findings numerically. Second, we explore the possibility of obtaining a di"erent
magnetic field spectrum by introducing a short deviation from slow roll, motivated by the
fact that such deviations can provide a considerably better fit to the angular power spectrum
of the CMB anisotropies than the predictions from typical single field inflation models, see
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To compare the analytical result, eq. (4.21), to a full numerical solution, we solve the
background evolution of # with a quadratic potential, V0(#) $ 1

2m2#2, and integrate the
evolution of the modes Ah(t, k) to compute the magnetic power spectrum PS(k) at the end
of inflation.

A short deviation from slow roll can, for example, be achieved by introducing a step in
the quadratic inflaton potential as follows [50–52, 56]

V!(#) =
1

2
m2#2

"
1 + $ tanh

#
# ! #0

##

$%
. (5.1)

Here $, #0 and ## characterise the height, the location and the width of the step, respectively.
Such a deviation from slow roll, in general, leads to a burst of oscillations in the primordial
power spectrum of curvature perturbations. In what follows, we turn our attention to the
possible e"ects of such a deviation from slow roll on the magnetic field power spectrum.
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Non-Gaussianity 

✴For                     feedback on the evolution of inflaton perturbations leads to 
detectable non-Gaussianity in the primordial curvature perturbation ζ:

✴ “large” scalar-to-tensor ratio:

|fN | � O(1)

ξ � 2.5 ⇒ |fN | < 5

observable signature; however, in the minimal cases
(decoupled single field models of slow-roll inflation)
non-Gaussianity is small [13], and obtaining an observable
level usually requires either fine-tuning or unconventional
field theories. Here we point out that the inverse decay
contribution to !" is highly non-Gaussian in axion mod-
els; observational bounds are easily saturated for modest
values of f. Thus, the simplest and, perhaps, most natural
models of inflation can lead to observable non-Gaussianity.

Cosmological perturbations.—We consider the theory
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where" is the PNGB inflaton, F#$ the field strength of the
gauge field [for simplicity, a U#1$ gauge field is consid-
ered; the extension to non-Abelian groups is straightfor-
ward], and ~F#$ its dual. The potential V#"$ may contain a
periodic contribution of the form (1) due to nonperturba-
tive effects and, perhaps, nonperiodic contributions from
other effects (such as wrapped branes). In this section, we
leave V#"$ arbitrary, except to suppose that it is suffi-
ciently flat to support Ne * 60 e-foldings of inflation.
We assume a Friedmann-Robertson-Walker geometry
ds2 ! "dt2 % a#t$2dx2 ! a#&$2&"d&2 % dx2'.

Working in Coulomb gauge, we decompose ~A#t;x$ into
circular polarization modes obeying [7]
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where a dot denotes differentiation with respect to t, H )
_a=a, ' * const. We observe that one of the polarizations of
~A experiences a tachyonic instability for k=#aH$ & 2'.
The growth of fluctuations is described by [7,14]
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in the interval #8'$"1 & k=#aH$ & 2' of phase space
which accounts for most of the power in the produced
gauge field (we take _"> 0 without loss of generality).
This interval is nonvanishing only for ' * O#1$, which we
assume in the following. The production is uninteresting at
smaller '. Notice that modes with higher momenta remain
in their vacuum state (the same applies to all the modes
A") and their effect is renormalized away [7,14].

The unstable growth of A%#&; k$ yields an important new
source of cosmological fluctuations, !". The perturbations
of the inflaton are described by [7,15]
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where the source term is constructed from (4). Notice that
metric perturbations are neglected in this calculation; it is
shown in Ref. [14] that this is a proper approximation. The
solution of (5) splits into two parts: the solution of the

homogeneous equation and the particular solution which is
due to the source. Schematically,
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homogeneous

% !"inv:decay|&&&&&&{z&&&&&&}
particular

: (6)

The quantity of interest is the primordial curvature
perturbation on uniform density hypersurfaces, ) !
" H

_"
!". We computed the two-point h)#x$)#y$i and

three-point h)#x$)#y$)#z$i correlation functions by using
the formalism of Refs. [7,15]. The two-point function
defines the power spectrum
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We find the result (see [14] for details)
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where P 1=2 ) H2

2(j _"j , ns is the spectral index, and the pivot

scale is k0 ! 0:002 Mpc"1. The two terms in (8) are the
power spectra of the homogeneous and inhomogeneous
parts of (6), respectively. There is no ‘‘mixed term’’ since
the two contributions (6) are uncorrelated. [The gauge
fluctuations that source !"inv:decay, and that are amplified
according to (3), are not correlated with the vacuum in-
flaton fluctuations.] The sourced term has identical scale
dependence to the vacuum one, since the free modes !"vac

enter in the Green function of (5) [14]. The power spectrum
is probed by CMB and large scale structure observations. It
is found to be nearly scale invariant (ns ’ 1; the precise
value depends on the data set assumed [16]) and have
amplitude P) #k$ * 25+ 10"10 [17] [the so-called
Cosmic Background Explorer (COBE) normalization].
When inverse decay fluctuations are subdominant, we
have the standard result P 1=2 ! 5+ 10"5; however, at
large ', the value of P must be modified.
The three-point correlation function encodes departures

from Gaussianity. Non-Gaussian effects from inverse de-
cays are maximal when all three modes have comparable
wavelength (the equilateral configuration). The intuitive
reason is that a mode of !"inv:decay is mostly sourced by
two modes A% of comparable wavelength *, 1=H [14],
and causality considerations suppress the convolution
hQ3

i!1 !"kii / hQi

R
d3piApi

Aki"pi
iwhenever the external

momenta are too different from each other [14]. The
magnitude of the three-point function is conventionally
quantified by using the parameter fNL [16]. We find

fequilNL * 4:4+ 1010P 3 e
6('

'9 : (9)

Schematically, fNL , h!"3i=#h!"2i$2. The result (9) in-
cludes the full value of the two-point function, but does not
include the negligible contribution from !"vac to the three-
point function, and is accurate as long as jfNLj * 1.
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dependence to the vacuum one, since the free modes !"vac
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is found to be nearly scale invariant (ns ’ 1; the precise
value depends on the data set assumed [16]) and have
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Cosmic Background Explorer (COBE) normalization].
When inverse decay fluctuations are subdominant, we
have the standard result P 1=2 ! 5+ 10"5; however, at
large ', the value of P must be modified.
The three-point correlation function encodes departures
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cays are maximal when all three modes have comparable
wavelength (the equilateral configuration). The intuitive
reason is that a mode of !"inv:decay is mostly sourced by
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From Eqs. (8) and (9) we can see that fequilNL ’ 8400 at large
! [notice from (8) that P decreases exponentially with

large !]. The current WMAP bounds are !214< fequilNL <
266 (95% C.L.), while the Planck satellite, and planned

missions, will constrain fequilNL to O"10# [18].
The results (8) and (9) depend only on the two dimen-

sionless combinations ! and P 1=2, shown in Fig. 1. The
solid red curve indicates the parameter values which re-
produce the COBE normalization of the power spectrum.
In the region below, and above the dashed black line, the
power spectrum is dominated by "#vac and by "#inv:decay,

respectively. Notice that the bound on fequilNL implies that
"#vac must dominate the power spectrum.

The results (8) and (9) have been obtained by disregard-
ing two backreaction effects of the produced gauge quanta.
Such quanta are produced at the expense of the kinetic
energy of #, so that, if the instability is sufficiently strong,
then it will affect the inflaton dynamics. The region of
parameter space where this occurs is above the black solid
line (P 1=2 > 13!3=2e!$!) shown in Fig. 1. We have also
disregarded the impact of the energy density of the pro-
duced quanta on the expansion rate H. This is justified
provided e2$!=!3 $ 2% 104M2

p=H
2. (In practice, these

two conditions amount to disregarding the produced gauge
quanta in the background equations for # and H [7,14]).
This constraint is not expressed in terms of ! and P 1=2, so
we have not included it in Fig. 1. However, it can be studied
case by case.

The gauge quanta also source gravity waves (GWs). It is
customary to normalize the power of GWs to that of the
density perturbations. Proceeding analogously to the com-
putation of the density perturbations, we find [14]
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(there the denominator has been normalized to the ob-
served value). The tensor-to-scalar ratio r is an important
quantity to discriminate between different inflationary
models. The current observational limit is r & 0:2 [16],
and activity is underway to probe r * 0:01 [17].
Predictions for specific models.—We now consider the

power-law potential V"## ' &4!p#p, which subsumes
many interesting scenarios. Inflation proceeds at large-field
values # * Mp and ends when #)Mp. For this model,

the values of H, _#, and ns are uniquely determined by the
number of e-foldings of observable inflation Ne, according
to the standard slow-roll inflaton evolution (';( $ 1).
In the following, we fixNe ' 60, which is the typical value
taken in large-field models. Once we do so, we are left with
the two parameters f=) and&. For any given value of f=),
themass scale& is uniquely determined by fixing the power
spectrum (8) to the COBE value. We can then plot the other
observational predictions as a function of f=) only. We do
so in Fig. 2, where we take p ' 1; 2 for illustration. In both
cases, backreaction effects can be neglected.
Figure 2 shows that large non-Gaussianity is rather

generic for large-field axion inflation. The current bound
is violated for decay constants f=) & 10!2Mp, which is
natural in a model that admits a UV completion. Current
limits on non-Gaussianity therefore provide an upper
bound on the strongest couplings of the type#F ~F between
the inflaton and any gauge field.
Natural inflation.—The original natural inflation model

[1] was based on the potential (1). If we require ns * 0:95,
as suggested by recent data [16], then the model requires a
large decay constant f * 5Mp [19]. Hence inverse decay is
negligible unless ) * 200. On the other hand, f * Mp

may be problematic, and it seems that a UV completion of
axion inflation requires f <Mp. We now turn our attention
to such scenarios.
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non-Gaussianity is large. The tensor-to-scalar ratio decreases at
strong coupling; however, the decrease is important only at
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From Eqs. (8) and (9) we can see that fequilNL ’ 8400 at large
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produce the COBE normalization of the power spectrum.
In the region below, and above the dashed black line, the
power spectrum is dominated by "#vac and by "#inv:decay,

respectively. Notice that the bound on fequilNL implies that
"#vac must dominate the power spectrum.

The results (8) and (9) have been obtained by disregard-
ing two backreaction effects of the produced gauge quanta.
Such quanta are produced at the expense of the kinetic
energy of #, so that, if the instability is sufficiently strong,
then it will affect the inflaton dynamics. The region of
parameter space where this occurs is above the black solid
line (P 1=2 > 13!3=2e!$!) shown in Fig. 1. We have also
disregarded the impact of the energy density of the pro-
duced quanta on the expansion rate H. This is justified
provided e2$!=!3 $ 2% 104M2

p=H
2. (In practice, these

two conditions amount to disregarding the produced gauge
quanta in the background equations for # and H [7,14]).
This constraint is not expressed in terms of ! and P 1=2, so
we have not included it in Fig. 1. However, it can be studied
case by case.

The gauge quanta also source gravity waves (GWs). It is
customary to normalize the power of GWs to that of the
density perturbations. Proceeding analogously to the com-
putation of the density perturbations, we find [14]
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(there the denominator has been normalized to the ob-
served value). The tensor-to-scalar ratio r is an important
quantity to discriminate between different inflationary
models. The current observational limit is r & 0:2 [16],
and activity is underway to probe r * 0:01 [17].
Predictions for specific models.—We now consider the

power-law potential V"## ' &4!p#p, which subsumes
many interesting scenarios. Inflation proceeds at large-field
values # * Mp and ends when #)Mp. For this model,

the values of H, _#, and ns are uniquely determined by the
number of e-foldings of observable inflation Ne, according
to the standard slow-roll inflaton evolution (';( $ 1).
In the following, we fixNe ' 60, which is the typical value
taken in large-field models. Once we do so, we are left with
the two parameters f=) and&. For any given value of f=),
themass scale& is uniquely determined by fixing the power
spectrum (8) to the COBE value. We can then plot the other
observational predictions as a function of f=) only. We do
so in Fig. 2, where we take p ' 1; 2 for illustration. In both
cases, backreaction effects can be neglected.
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is violated for decay constants f=) & 10!2Mp, which is
natural in a model that admits a UV completion. Current
limits on non-Gaussianity therefore provide an upper
bound on the strongest couplings of the type#F ~F between
the inflaton and any gauge field.
Natural inflation.—The original natural inflation model

[1] was based on the potential (1). If we require ns * 0:95,
as suggested by recent data [16], then the model requires a
large decay constant f * 5Mp [19]. Hence inverse decay is
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may be problematic, and it seems that a UV completion of
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power spectrum is dominated by "#vac and by "#inv:decay,

respectively. Notice that the bound on fequilNL implies that
"#vac must dominate the power spectrum.

The results (8) and (9) have been obtained by disregard-
ing two backreaction effects of the produced gauge quanta.
Such quanta are produced at the expense of the kinetic
energy of #, so that, if the instability is sufficiently strong,
then it will affect the inflaton dynamics. The region of
parameter space where this occurs is above the black solid
line (P 1=2 > 13!3=2e!$!) shown in Fig. 1. We have also
disregarded the impact of the energy density of the pro-
duced quanta on the expansion rate H. This is justified
provided e2$!=!3 $ 2% 104M2

p=H
2. (In practice, these

two conditions amount to disregarding the produced gauge
quanta in the background equations for # and H [7,14]).
This constraint is not expressed in terms of ! and P 1=2, so
we have not included it in Fig. 1. However, it can be studied
case by case.

The gauge quanta also source gravity waves (GWs). It is
customary to normalize the power of GWs to that of the
density perturbations. Proceeding analogously to the com-
putation of the density perturbations, we find [14]
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(there the denominator has been normalized to the ob-
served value). The tensor-to-scalar ratio r is an important
quantity to discriminate between different inflationary
models. The current observational limit is r & 0:2 [16],
and activity is underway to probe r * 0:01 [17].
Predictions for specific models.—We now consider the

power-law potential V"## ' &4!p#p, which subsumes
many interesting scenarios. Inflation proceeds at large-field
values # * Mp and ends when #)Mp. For this model,

the values of H, _#, and ns are uniquely determined by the
number of e-foldings of observable inflation Ne, according
to the standard slow-roll inflaton evolution (';( $ 1).
In the following, we fixNe ' 60, which is the typical value
taken in large-field models. Once we do so, we are left with
the two parameters f=) and&. For any given value of f=),
themass scale& is uniquely determined by fixing the power
spectrum (8) to the COBE value. We can then plot the other
observational predictions as a function of f=) only. We do
so in Fig. 2, where we take p ' 1; 2 for illustration. In both
cases, backreaction effects can be neglected.
Figure 2 shows that large non-Gaussianity is rather

generic for large-field axion inflation. The current bound
is violated for decay constants f=) & 10!2Mp, which is
natural in a model that admits a UV completion. Current
limits on non-Gaussianity therefore provide an upper
bound on the strongest couplings of the type#F ~F between
the inflaton and any gauge field.
Natural inflation.—The original natural inflation model

[1] was based on the potential (1). If we require ns * 0:95,
as suggested by recent data [16], then the model requires a
large decay constant f * 5Mp [19]. Hence inverse decay is
negligible unless ) * 200. On the other hand, f * Mp

may be problematic, and it seems that a UV completion of
axion inflation requires f <Mp. We now turn our attention
to such scenarios.
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f/(αMp) ∝ 1/ξ

fNL

r

where 

This gives a bound

ξ ≡ fN/2

Barnaby & Peloso, PRL (2011)



Resonant amplification? (work in progress)

✴What if the inflaton makes tiny oscillations around its slow-roll evolution?

✴Or the (effective) coupling function could oscillatory?

✴Then resonant amplification of some specific wavelengths is possible, 
probably without large back-reaction.

Byrnes, LH, Jain & Urban, in preparation

1.0 2.01.5
10�4

1014

1032

1050

1068

1086

k �Mpc�1�

P S
�A

�4.0 �3.5 �3.0 �2.5 �2.0 �1.5 �1.0
10�63

10�53

10�43

10�33

10�23

10�13

log10 Γ

B�
�Gaus

s�

1��k Mpc� � 1��ΩMpc� � 1, 10, 100, 1000
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Turbulent evolution: inverse cascade



Evolution in a dense turbulent 
plasma (after inflation):

‣ Viscosity damping on small 
scales

‣ Selective decay of non-helical 
magnetic field spectrum

‣ Inverse cascade of helical 
magnetic field spectra due to 
helicity conservation

Inverse cascade

from: Campanelli, PRL 98 (2007) 251302
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where 1F1!a; b; z" is the Kummer confluent hypergeomet-
ric function, and we have defined !diss # ‘diss=‘B, !# #
‘#=‘B, and " # !#=!1$ !2diss"1=2. Equations (11) and (12)
are integral equations for the magnetic energy and helicity.
They can be solved once the explicit expression for the
drag time is given. This can be done if we consider the
scaling properties of the induction equation. It is well
known that the full MHD equations (neglecting dissipative
terms) are invariant under the scaling transformations x !
‘x, t! ‘1%rt, v ! ‘rv, B ! ‘rB, where ‘ > 0 is the
‘‘scaling factor’’ and r is an arbitrary real parameter [11].
Now, imposing that also the ‘‘reduced’’ MHD equa-
tions (2) and (4) are invariant under these scaling trans-
formations, we get that the drag time is linear in time.
Taking into account the relation between $d and $eddy
previously discussed, we also have that the eddy turnover
time is asymptotically linear in time. This allow us to write
the drag time as $d!t" ’ !!0"'$eddy!0" $ %t(, where % #
'!!1"=!!0"(limt!1$eddy!t"=t is a constant, whose explicit
value is inessential for the following discussion.

It is useful to define accurately the magnetic Reynolds
number and the eddy turnover time: ReB # vrms&B=', and
$eddy # &B=vrms, where, as typical length scale and veloc-
ity, we used the magnetic correlation length and the root-
mean-square value of the velocity field, v2rms # !1=V"&R
V d

3xhv2i # 2Ev. With the aid of the above definitions
and introducing the normalized time $ # t=$eddy!0", the
integral equations (11) and (12) can be transformed into the
differential equations

 

d!2diss
d$

# !2B
ReB!0"

$ 2
3
!2B!1$ %$"EB!$"

EB!0"
; (13)

 

d!#
d$

# % 1
3
!BhBReB!0"!1$ %$" d

d$
HB!$"
HB!0"

; (14)

where EB andHB, as a function of !diss and !#, are given by
Eqs. (11) and (12). For large magnetic Reynolds numbers,
the first term in the left-hand side of Eq. (13) can be
neglected with respect to the second one.

In the nonhelical case, hB # 0, the solution of Eqs. (13)
and (14) is !# # 0, that is HB!t" # 0 for all times, and
!2diss # '1$ (diss!2$$ $2"(2=!3$p" % 1, where (diss #
%!3$ p"!2B=6. This, in turn, gives for $ ) 1

 EB!$" ’ (EEB!0"$%2!1$p"=!3$p"; (15)

 &B!$" ’ (&&B!0"$2=!3$p"; (16)

where (E # (%!1$p"=!3$p"
diss and (& # (1=!1$p"

diss .
It is interesting to observe that, starting from self-

similarity of MHD equations, Olesen obtained the follow-

ing expression for the magnetic energy spectrum [11]:
EB!k; t" # )Bkp B!kt2=3$p", where )B is a constant,  B
is an unknown scaling-invariant function, and p is the
power-law exponent of the initial magnetic energy spec-
trum. Our approach to MHD equations fixes the expression
of the scaling-invariant function to  B!x" #
exp'%2!x=xs"2(, with xs # (%1

& ‘%1
B '$eddy!0"(2=!3$p".

In Fig. 1, we plot the spectrum of the magnetic energy
for the case p # 4 at different times. It is clear that, in the
nonhelical case, the decay of the magnetic field and the
growth of the correlation length proceed through the so-
called selective decay discussed by Son in Ref. [12]: there
is no direct transfer of magnetic energy from small scales
(large wave numbers) to large scales (small wave numbers)
but, simply, modes with larger wave numbers decay faster
than those whose wave numbers are small. Consequently,
as the turbulence operates, the magnetic field survives only
on larger and larger scales.

In the helical case, the evolution of the system goes
through two different regimes depending on the value of
"!t" which is an increasing function of time. Until " * 1
the system behaves as if the magnetic helicity were zero:
the system evolves by selective decay and, consequently,
the asymptotic solutions are the same as obtained previ-
ously. Afterwards, when " ) 1, the system enters and
persists in a phase characterized by a transfer of magnetic
energy from small to large scales, a mechanism known as
inverse cascade [5]. The asymptotic ($ ! 1) solutions in
this latter phase are !diss!$" ’ cdiss!ln$"1=6$2=3 and !#!$" ’
c#!ln$"2=3$2=3, where cdiss # !%2p=12"1=6!Bh1=3B and c# #
!4p=3"1=2cdiss. Consequently, we have

 EB!$" ’ cEEB!0"!ln$"1=3$%2=3; (17)

 &B!$" ’ c&&B!0"!ln$"%1=3$2=3; (18)

with cE # !2p=3%"1=3h2=3B and c& # hBc%1
E . From the

above equations, we directly obtain the relation EB&B ’
HB=2. This means that a magnetic field with initial frac-
tional helicity becomes maximally helical approximatively
after the system enters into the inverse-cascade regime.
More accurately, we can find the time when this happens,
$h, matching the product of asymptotic solutions (15)–
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FIG. 1. Magnetic energy spectrum in the nonhelical case for
p # 4, with % # 1. The dotted line corresponds to the initial
spectrum, while continuous lines correspond, from left to right,
to t=$eddy!0" # 1; 10; 102; . . . ; 107.
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(18). It results in !h ’ "!1=2
diss h!"3#p$=2p

B . In Fig. 2 we
present the result of a numerical integration of Eqs. (13)
and (14) for ReB"0$ % 1015, p % 4, and h % 10!3. It is
evident from the figure that the analytical expansions [non-
helical solution for ! & !h and Eqs. (17) and (18) for ! *
!h] fit very well the numerical solution. Because of quasi-
conservation of magnetic helicity, small-scale modes are
not dissipated during the decay, but their energy is trans-
ferred to larger scales: this process of inverse cascade is
manifest in the magnetic energy spectrum shown in Fig. 2.

It is worth noting that our final results, Eqs. (15)–(18),
apart from logarithmic factors, agree very well both with
scaling arguments and results of a numerical integration of
full MHD equations presented in Ref. [2].

In conclusion, we have studied the evolution of statisti-
cally homogeneous and isotropic magnetic fields in the
context of freely decaying magnetohydrodynamic turbu-
lence. By quasilinearizing the Navier-Stokes equation, we
have solved analytically the induction equation in quasi-
normal approximation. We have found that, if the initial
magnetic field is not helical, the evolution of the magnetic
field proceeds through selective decay of magnetic modes:
magnetic power on small scales is washed out by turbu-
lence effects more effectively than on large scales. During
this process, the correlation length grows as #B / t2="3#p$,

while the magnetic energy decays in time as EB /
t!2"1#p$="3#p$, where p is the index of the initial power-
law spectrum. In the helical case, the evolution of the
system goes through two different phases: the selective-
decay phase in which the system evolves as if the magnetic
helicity were zero and the inverse-cascade phase. The first
phase ends when quasiconservation of magnetic helicity
starts to trigger an inverse cascade of the magnetic field:
small-scale modes are no more completely dissipated dur-
ing turbulence but their energy is partially transferred to
larger scales. This causes a faster growth of the correlation
length and a slower dissipation of the magnetic energy with
respect to the nonhelical case. The time when the system
enters into the inverse-cascade regime is proportional to
h!"3#p$=2p
B times the initial eddy turnover time, where hB is

the fraction of the maximal initial magnetic helicity. More-
over, the process of inverse cascade erases any information
about the initial structure of the magnetic field, so that the
evolution laws of energy and correlation length are EB /
"logt$1=3t!2=3 and #B / "logt$!1=3t2=3, for all p.

In a cosmological context, these results are of interest
when studying the evolution of primordial magnetic fields
before neutrino decoupling. Indeed, during the period of
neutrino (or photon) free streaming, as well as after re-
combination, the equations governing the evolution of
magnetic fields differ from those studied here [2] and
then our results do not apply. Nevertheless, our approach
to MHD equations can be suitably extended to these last
cases and an appropriate analysis is in progress.
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✴After inflation we deal
with “ideal MHD”.

✴Reynolds number
characterises the
turbulence

✴Correlation scale
evolves as

as found numerically.
See e.g. Brandenburg, PRD (1996); Banerjee & Jedamzik, PRD (2004); Campanelli, PRL (2007), Caprini et al,  JCAP (2009) 

Reynolds number & correlation scale
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Figure 5. The Reynolds number Re(T ) (black solid) and the comoving correlation scale kc(T )/kfin

(red dashed) are shown in log scale as a function of log(T!/T ) with T! = 1014 GeV. Turbulence and
with it the inverse cascade terminate at Tfin ! 1 GeV and kfin = kc(tfin) ! (10"12 Mpc)"1.

Let us assume that the inverse cascade starts at t!. In ref. [33] it was found that during
the inverse cascade of a maximally helical magnetic field the total rescaled energy density
scales like

!!B(t) " (t/t!)
"2/3

and the comoving correlation scale evolves in the same way

kc(t) = kc(t!) (t/t!)
"2/3

such that the ratio !!B/kc which is proportional to the rescaled helicity density remains
constant. This continues until tfin, the time when the damping scale has grown up to the
correlation scale, kdiss(tfin) = kc(tfin). After tfin the inverse cascade and turbulence cease and
the magnetic field evolves solely by flux conservation on large scales

d!!B

d ln k
(k, t) =

d!!B

d ln k
(k, tfin) for t > tfin , k < kdiss(t)

and viscosity damping on small scales, k > kdiss(t). At the end of the inverse cascade, the
correlation scale of magnetic field spectrum has moved to

kfin # kc(tfin) = k! (Tfin/T!)
2/3

and the total energy density is reduced by the same factor.
To compute the ratio Tfin/T! we need to determine the temperature at which the

Reynolds number becomes unity. In appendix A of ref. [34] the Reynolds number at very

– 20 –
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Magnetic power spectrum after turbulence

✴On large scales the shape of 
the spectrum stays 
unchanged.

✴The amplitude increases 
because the correlation scale 
grows and the total helicity is 
conserved

JCAP03(2011)037

Figure 6. The process of inverse cascade is depicted. We show de!B

d ln k
(kc(t), t) as a function of kc(t)

(dashed line) as well as de!B

d ln k
(k, t!),

de!B

d ln k
(k, t1) and de!B

d ln k
(k, tfin) as functions of k (thick solid lines). We

choose t1/t! = 106. The parts of the curves to the right of the maximum are not reliable. The vertical
line indicates the total amplification factor which is constant for k < k0 = k(tfin). The horizontal line
indicates the amount by which the correlation scale increases during the inverse cascade. The energy
density is in units of Gauss2 for S(fN ) = 1 and k is in units of Mpc"1.

Let us investigate how large this field can become in the best case in which our treatment
may apply. Certainly we want to require backreaction to be unimportant, but we do not
insist that fN be small. Using (4.27) this requires S(fN ) < (mP /T!)2 and hence

!B(k = 10/Mpc) ! 10"32 Gauss

"
1014 GeV

T!

#13/11

(6.11)

To achieve a minimal necessary field for dynamo amplification of B " 10"20 Gauss we would
need T! ! 104 GeV, a somewhat low inflation scale, but not excluded.

Until recombination, fields on scales smaller than about 0.1(B/10"9Gauss)Mpc are
damped by viscosity [58]. The scales k >" 10(10"9Gauss/B)/Mpc therefore do not survive
the linear regime and will not be amplified before being damped. But even on these
smallest “surviving scales” the magnetic field generated is in most cases too weak for
dynamo amplification.

7 Conclusions

In this work, we have studied the generation of helical magnetic fields during inflation by
adding a parity-violating term of the form f(!)F !F to the action. For two specific choices

– 23 –

H ∝ ρB/kc



✴ In terms of the final correlation scale:

✴And at scales of 0.1 Mpc:

✴With the bound from backreaction, we get at most

✴NOT ENOUGH to seed subsequent astrophysical amplification.

Final magnetic field strength

JCAP03(2011)037

For a generic spectral index n, eq. (6.5) is replaced by, see [34],

d!!B

d ln k
(t, k) !

"
#$

#%

d!!B

d ln k
(t!, k!)

&
k

k!

'n+3 &
T!

Tfin

'2(n+2)/3

for k < kfin , t > tfin

0 else.

(6.6)

Clearly, the smaller n the less significant is the amplification by the inverse cascade and for
n = "2 there is no amplification at all. For n < "2 the above result does not apply, see [34].

In our case, where n = 1, eq. (4.23) can be written as

d!!B

d ln k
(t!, k!) ! 4 # 10"68 GeV4 S2(fN )

( g!
200

)2/3
&

T!

1014 GeV

'4

with which we arrive at

d!!B

d ln k
(tfin, kfin) ! 2 # 10"77 GeV4 S2(fN )

&
T!

1014 GeV

'38/11

where we assumed g! ! 200. This determines the final strength of the magnetic field on large
scales,3

!B(k) ! 3 # 10"19 Gauss S(fN )

&
k

kfin

'2 &
T!

1014 GeV

'19/11

(6.7)

for k $ kfin. With the help of eq. (6.4) this can also be written as

!B(k) ! 3 # 10"19 Gauss S(fN )

&
k

1012/Mpc

'2 &
T!

1014 GeV

'9/11

(6.8)

for k $ kfin.
After the end of the turbulent phase, magnetic fields are damped on small scales by

viscosity and evolve by flux conservation, so that !B = const. on large scales. For our typical
value of T! ! 1014 GeV hence kfin ! 1012/Mpc, for cosmologically interesting scales of k %
10/Mpc the magnetic field is of the order of !B(k = 10/Mpc) ! 10"40 Gauss. This is much
too small for dynamo amplification. For smaller reheating temperatures, T!, the Reynolds
number grows less strongly and turbulence and the associated inverse cascade are of shorter
duration. Therefore the value of !B(k) at fixed k < kfin is actually smaller for T! < 1014 GeV
even though k! is larger for a smaller reheating temperature, see eq. (6.8). Considering the
lowest value for which our treatment is valid, T! ! Tew ! 100GeV we arrive at Tfin ! 8MeV
and kfin ! 4 # 106/Mpc but the magnetic field is only

!B(k) ! 6 # 10"40 Gauss S(fN )

&
k

kfin

'2

, for k $ kfin ! 106/Mpc . (6.9)

At scales of 0.1Mpc, this field is by far insu!cient for subsequent dynamo amplification
which requires seed fields of the order of at least 10"20 Gauss [31]. For an arbitrary reheating
temperature T! we obtain from (6.8)

!B(k = 10/Mpc) ! 3 # 10"41 Gauss S(fN )

&
T!

1014 GeV

'9/11

(6.10)

3The magnetic field strength is B =
!

8!"B in Gauss units, where GeV2 " 1.4 # 1019 Gauss, while in
Heaviside-Lorentz units we have B =

!
2"B and GeV2/

!
4! " 1.4 # 1019 Gauss.
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For a generic spectral index n, eq. (6.5) is replaced by, see [34],

d!!B

d ln k
(t, k) !

"
#$

#%

d!!B

d ln k
(t!, k!)

&
k

k!

'n+3 &
T!

Tfin

'2(n+2)/3

for k < kfin , t > tfin

0 else.

(6.6)

Clearly, the smaller n the less significant is the amplification by the inverse cascade and for
n = "2 there is no amplification at all. For n < "2 the above result does not apply, see [34].

In our case, where n = 1, eq. (4.23) can be written as

d!!B

d ln k
(t!, k!) ! 4 # 10"68 GeV4 S2(fN )

( g!
200

)2/3
&

T!

1014 GeV

'4

with which we arrive at

d!!B

d ln k
(tfin, kfin) ! 2 # 10"77 GeV4 S2(fN )

&
T!

1014 GeV

'38/11

where we assumed g! ! 200. This determines the final strength of the magnetic field on large
scales,3

!B(k) ! 3 # 10"19 Gauss S(fN )

&
k

kfin

'2 &
T!

1014 GeV

'19/11

(6.7)

for k $ kfin. With the help of eq. (6.4) this can also be written as

!B(k) ! 3 # 10"19 Gauss S(fN )

&
k

1012/Mpc

'2 &
T!

1014 GeV

'9/11

(6.8)

for k $ kfin.
After the end of the turbulent phase, magnetic fields are damped on small scales by

viscosity and evolve by flux conservation, so that !B = const. on large scales. For our typical
value of T! ! 1014 GeV hence kfin ! 1012/Mpc, for cosmologically interesting scales of k %
10/Mpc the magnetic field is of the order of !B(k = 10/Mpc) ! 10"40 Gauss. This is much
too small for dynamo amplification. For smaller reheating temperatures, T!, the Reynolds
number grows less strongly and turbulence and the associated inverse cascade are of shorter
duration. Therefore the value of !B(k) at fixed k < kfin is actually smaller for T! < 1014 GeV
even though k! is larger for a smaller reheating temperature, see eq. (6.8). Considering the
lowest value for which our treatment is valid, T! ! Tew ! 100GeV we arrive at Tfin ! 8MeV
and kfin ! 4 # 106/Mpc but the magnetic field is only

!B(k) ! 6 # 10"40 Gauss S(fN )

&
k

kfin

'2

, for k $ kfin ! 106/Mpc . (6.9)

At scales of 0.1Mpc, this field is by far insu!cient for subsequent dynamo amplification
which requires seed fields of the order of at least 10"20 Gauss [31]. For an arbitrary reheating
temperature T! we obtain from (6.8)

!B(k = 10/Mpc) ! 3 # 10"41 Gauss S(fN )

&
T!

1014 GeV

'9/11

(6.10)

3The magnetic field strength is B =
!

8!"B in Gauss units, where GeV2 " 1.4 # 1019 Gauss, while in
Heaviside-Lorentz units we have B =

!
2"B and GeV2/

!
4! " 1.4 # 1019 Gauss.
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Figure 6. The process of inverse cascade is depicted. We show de!B

d ln k
(kc(t), t) as a function of kc(t)

(dashed line) as well as de!B

d ln k
(k, t!),

de!B

d ln k
(k, t1) and de!B

d ln k
(k, tfin) as functions of k (thick solid lines). We

choose t1/t! = 106. The parts of the curves to the right of the maximum are not reliable. The vertical
line indicates the total amplification factor which is constant for k < k0 = k(tfin). The horizontal line
indicates the amount by which the correlation scale increases during the inverse cascade. The energy
density is in units of Gauss2 for S(fN ) = 1 and k is in units of Mpc"1.

Let us investigate how large this field can become in the best case in which our treatment
may apply. Certainly we want to require backreaction to be unimportant, but we do not
insist that fN be small. Using (4.27) this requires S(fN ) < (mP /T!)2 and hence

!B(k = 10/Mpc) ! 10"32 Gauss

"
1014 GeV

T!

#13/11

(6.11)

To achieve a minimal necessary field for dynamo amplification of B " 10"20 Gauss we would
need T! ! 104 GeV, a somewhat low inflation scale, but not excluded.

Until recombination, fields on scales smaller than about 0.1(B/10"9Gauss)Mpc are
damped by viscosity [58]. The scales k >" 10(10"9Gauss/B)/Mpc therefore do not survive
the linear regime and will not be amplified before being damped. But even on these
smallest “surviving scales” the magnetic field generated is in most cases too weak for
dynamo amplification.

7 Conclusions

In this work, we have studied the generation of helical magnetic fields during inflation by
adding a parity-violating term of the form f(!)F !F to the action. For two specific choices
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Figure 5.1: The mean relaxation times, Eqs. (5.32)–(5.34), and the expansion time-scale,

1/H , as a function of the radiation temperature. The Harrison mechanism operates in the

shaded region, T � Tc � 230 eV.

5.4 The Harrison mechanism without defects

Having derived all interaction terms and the Maxwell equations governing the electro-

magnetic fields we are now able to state the full set of angular momentum conservation

equations for the single fluids and the total system. Together with the magnetic wave

equation these describe the evolution of the vorticity and the magnetic field.

After presenting the full system we will specialise it to the case where electrons are

tightly coupled to the photons. In this case we can derive the evolution equation for the

magnetic field in closed form with the initial vorticity as only source term. Consequently,

we recover Harrison’s original result when neglecting those diffusion terms, which are

only important on very small scales.

5.4.1 General picture

To derive the full set of angular momentum conservation equations for all fluids we

specialise the generic expression (5.8) for each fluid, substitute the curl of the momen-

tum exchange due to scattering from Eq. (5.28), and with the electromagnetic field from

2 E. Fenu, C. Pitrou and R. Maartens

Figure 1. Left: magnetic field spectrum today. Right: comoving magnetic field strength today at a given scale.

Our result is shown in Fig. 1. The power spectrum behaves as
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On cluster scales the comoving field strength is

B1 Mpc $ 3 % 10&29 G. (2)

Thus, the field generated around recombination is too weak to
act as a seed for the observed field strength of the order of µG.
Adiabatic contraction of the magnetic flux lines during non-linear
collapse of structures provides an enhancement of $103, while the
non-linear dynamo mechanism has an amplification factor of $108

(with many remaining uncertainties). Note that hydrodynamical and
turbulence effects during non-linear collapse themselves generate a
field of the order of 10&20 G – which is also too small to account for
the observed galactic and cluster fields (Kulsrud & Zweibel 2008).

The field (2) is also too weak to imprint detectable effects on
the cosmic microwave background (CMB). Nevertheless, it is a real
property of the standard cosmological model, and may have some
impact on early structure formation during the ‘dark ages’ if it is
the only primordial field. [See e.g. Sethi & Subramanian (2009) and
Schleicher et al. (2010) for the role of magnetic fields in structure
formation during the dark ages.]

As shown below, the magnetic field is given by
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The first source term is second order, while the other two are
quadratic in first-order quantities. The contributions of the source
terms to the power spectrum are shown in Fig. 5 (left).

Our paper builds on the physical analysis of non-linear plasma
dynamics presented in Maartens, Gebbie & Ellis (1999), Matarrese

et al. (2005), Ichiki et al. (2007), Kobayashi et al. (2007), Takahashi,
Ichiki & Sugiyama (2008), Maeda et al. (2009) and Pitrou (2009).
The key features of the dynamics are as follows.

(i) The electric field ensures that the proton–electron relative ve-
locity is always strongly suppressed in comparison with the photon–
electron relative velocity – even at high energies when the Compton
interaction is stronger than the Coulomb interaction.

(ii) Vorticity induced in the electron fluid is thus transferred al-
most entirely to the protons, and the baryon vorticity evolution
is determined by the two-fluid dynamics of photons and baryons,
which is very close to the equations of CMB dynamics. We use the
second-order Boltzmann code of Pitrou (2009).

(iii) The limits ve & v% ) 0 and vp & ve ) 0 are not equivalent
to setting vp = ve = v% in the momentum exchange equations, and
the limit must be taken consistently.

(iv) At the first order, cosmological vector perturbations are zero
after inflation, in the standard model. Magnetogenesis requires vor-
tical currents, and these can therefore only be generated at the
second order, via mode–mode coupling of the first-order scalar per-
turbations. This remains true even in the presence of topological
defects, which are active sources for vector perturbations: at the
first order, the vector perturbations induced by the defects cannot
break vorticity conservation in the cosmic plasma (Hollenstein et al.
2008).

(v) On large scales there is some cancellation amongst the source
terms in (5) (this is evident from Fig. 5). Neglecting any of the effects
can thus lead to unreliable results.

(vi) The magnetic field continues to be created after recombina-
tion, due to the residual non-zero ionization fraction. If the numeri-
cal integration is stopped at recombination, then the comoving field
is underestimated by a factor of $10 (see Fig. 5).

The plan of the paper is as follows. In the next section, we re-
view and clarify the magnetic and electric field generation beyond
the tight-coupling limit. In Section 3, we detail the numerical in-
tegration of the differential evolution equations at second order in
cosmological perturbations that we perform in order to solve for the
magnetic field spectrum. We also provide analytical insight into the
time and scale behaviours of the numerical results. We compare our
results with previous work in Section 4. Details of some calculations
are given in the Appendices.
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Figure 5.1: The mean relaxation times, Eqs. (5.32)–(5.34), and the expansion time-scale,

1/H , as a function of the radiation temperature. The Harrison mechanism operates in the

shaded region, T � Tc � 230 eV.

5.4 The Harrison mechanism without defects

Having derived all interaction terms and the Maxwell equations governing the electro-

magnetic fields we are now able to state the full set of angular momentum conservation

equations for the single fluids and the total system. Together with the magnetic wave

equation these describe the evolution of the vorticity and the magnetic field.

After presenting the full system we will specialise it to the case where electrons are

tightly coupled to the photons. In this case we can derive the evolution equation for the

magnetic field in closed form with the initial vorticity as only source term. Consequently,

we recover Harrison’s original result when neglecting those diffusion terms, which are

only important on very small scales.

5.4.1 General picture

To derive the full set of angular momentum conservation equations for all fluids we

specialise the generic expression (5.8) for each fluid, substitute the curl of the momen-

tum exchange due to scattering from Eq. (5.28), and with the electromagnetic field from
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Figure 1. Left: magnetic field spectrum today. Right: comoving magnetic field strength today at a given scale.

Our result is shown in Fig. 1. The power spectrum behaves as
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On cluster scales the comoving field strength is

B1 Mpc $ 3 % 10&29 G. (2)

Thus, the field generated around recombination is too weak to
act as a seed for the observed field strength of the order of µG.
Adiabatic contraction of the magnetic flux lines during non-linear
collapse of structures provides an enhancement of $103, while the
non-linear dynamo mechanism has an amplification factor of $108

(with many remaining uncertainties). Note that hydrodynamical and
turbulence effects during non-linear collapse themselves generate a
field of the order of 10&20 G – which is also too small to account for
the observed galactic and cluster fields (Kulsrud & Zweibel 2008).

The field (2) is also too weak to imprint detectable effects on
the cosmic microwave background (CMB). Nevertheless, it is a real
property of the standard cosmological model, and may have some
impact on early structure formation during the ‘dark ages’ if it is
the only primordial field. [See e.g. Sethi & Subramanian (2009) and
Schleicher et al. (2010) for the role of magnetic fields in structure
formation during the dark ages.]

As shown below, the magnetic field is given by
#
a2Bi

$' = &a2!ijk!j [(1 + " & #) Ek], (3)

Ei ( &4$% &T

3e

%
'vi

b% + 2
5
(i

j v
j
b

&
, (4)

where ", # are first-order metric perturbations, 'vi
b% = vi

b &
vi

% is the photon–baryon velocity difference and (i
j is the photon

quadrupole moment, from anisotropic stress. This leads to three
types of source terms for magnetogenesis:

(a2B)' = S1

'
'v

(2)
b%

(
+ S2

')
)(1)
% + "(1) & # (1)

*
'v

(1)
b%

(

+ S3

'
((1)

% v
(1)
b

(
. (5)

The first source term is second order, while the other two are
quadratic in first-order quantities. The contributions of the source
terms to the power spectrum are shown in Fig. 5 (left).

Our paper builds on the physical analysis of non-linear plasma
dynamics presented in Maartens, Gebbie & Ellis (1999), Matarrese

et al. (2005), Ichiki et al. (2007), Kobayashi et al. (2007), Takahashi,
Ichiki & Sugiyama (2008), Maeda et al. (2009) and Pitrou (2009).
The key features of the dynamics are as follows.

(i) The electric field ensures that the proton–electron relative ve-
locity is always strongly suppressed in comparison with the photon–
electron relative velocity – even at high energies when the Compton
interaction is stronger than the Coulomb interaction.

(ii) Vorticity induced in the electron fluid is thus transferred al-
most entirely to the protons, and the baryon vorticity evolution
is determined by the two-fluid dynamics of photons and baryons,
which is very close to the equations of CMB dynamics. We use the
second-order Boltzmann code of Pitrou (2009).

(iii) The limits ve & v% ) 0 and vp & ve ) 0 are not equivalent
to setting vp = ve = v% in the momentum exchange equations, and
the limit must be taken consistently.

(iv) At the first order, cosmological vector perturbations are zero
after inflation, in the standard model. Magnetogenesis requires vor-
tical currents, and these can therefore only be generated at the
second order, via mode–mode coupling of the first-order scalar per-
turbations. This remains true even in the presence of topological
defects, which are active sources for vector perturbations: at the
first order, the vector perturbations induced by the defects cannot
break vorticity conservation in the cosmic plasma (Hollenstein et al.
2008).

(v) On large scales there is some cancellation amongst the source
terms in (5) (this is evident from Fig. 5). Neglecting any of the effects
can thus lead to unreliable results.

(vi) The magnetic field continues to be created after recombina-
tion, due to the residual non-zero ionization fraction. If the numeri-
cal integration is stopped at recombination, then the comoving field
is underestimated by a factor of $10 (see Fig. 5).

The plan of the paper is as follows. In the next section, we re-
view and clarify the magnetic and electric field generation beyond
the tight-coupling limit. In Section 3, we detail the numerical in-
tegration of the differential evolution equations at second order in
cosmological perturbations that we perform in order to solve for the
magnetic field spectrum. We also provide analytical insight into the
time and scale behaviours of the numerical results. We compare our
results with previous work in Section 4. Details of some calculations
are given in the Appendices.
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Figure 5.1: The mean relaxation times, Eqs. (5.32)–(5.34), and the expansion time-scale,

1/H , as a function of the radiation temperature. The Harrison mechanism operates in the

shaded region, T � Tc � 230 eV.

5.4 The Harrison mechanism without defects

Having derived all interaction terms and the Maxwell equations governing the electro-

magnetic fields we are now able to state the full set of angular momentum conservation

equations for the single fluids and the total system. Together with the magnetic wave

equation these describe the evolution of the vorticity and the magnetic field.

After presenting the full system we will specialise it to the case where electrons are

tightly coupled to the photons. In this case we can derive the evolution equation for the

magnetic field in closed form with the initial vorticity as only source term. Consequently,

we recover Harrison’s original result when neglecting those diffusion terms, which are

only important on very small scales.

5.4.1 General picture

To derive the full set of angular momentum conservation equations for all fluids we

specialise the generic expression (5.8) for each fluid, substitute the curl of the momen-

tum exchange due to scattering from Eq. (5.28), and with the electromagnetic field from
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Figure 1. Left: magnetic field spectrum today. Right: comoving magnetic field strength today at a given scale.

Our result is shown in Fig. 1. The power spectrum behaves as
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On cluster scales the comoving field strength is

B1 Mpc $ 3 % 10&29 G. (2)

Thus, the field generated around recombination is too weak to
act as a seed for the observed field strength of the order of µG.
Adiabatic contraction of the magnetic flux lines during non-linear
collapse of structures provides an enhancement of $103, while the
non-linear dynamo mechanism has an amplification factor of $108

(with many remaining uncertainties). Note that hydrodynamical and
turbulence effects during non-linear collapse themselves generate a
field of the order of 10&20 G – which is also too small to account for
the observed galactic and cluster fields (Kulsrud & Zweibel 2008).

The field (2) is also too weak to imprint detectable effects on
the cosmic microwave background (CMB). Nevertheless, it is a real
property of the standard cosmological model, and may have some
impact on early structure formation during the ‘dark ages’ if it is
the only primordial field. [See e.g. Sethi & Subramanian (2009) and
Schleicher et al. (2010) for the role of magnetic fields in structure
formation during the dark ages.]

As shown below, the magnetic field is given by
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The first source term is second order, while the other two are
quadratic in first-order quantities. The contributions of the source
terms to the power spectrum are shown in Fig. 5 (left).

Our paper builds on the physical analysis of non-linear plasma
dynamics presented in Maartens, Gebbie & Ellis (1999), Matarrese

et al. (2005), Ichiki et al. (2007), Kobayashi et al. (2007), Takahashi,
Ichiki & Sugiyama (2008), Maeda et al. (2009) and Pitrou (2009).
The key features of the dynamics are as follows.

(i) The electric field ensures that the proton–electron relative ve-
locity is always strongly suppressed in comparison with the photon–
electron relative velocity – even at high energies when the Compton
interaction is stronger than the Coulomb interaction.

(ii) Vorticity induced in the electron fluid is thus transferred al-
most entirely to the protons, and the baryon vorticity evolution
is determined by the two-fluid dynamics of photons and baryons,
which is very close to the equations of CMB dynamics. We use the
second-order Boltzmann code of Pitrou (2009).

(iii) The limits ve & v% ) 0 and vp & ve ) 0 are not equivalent
to setting vp = ve = v% in the momentum exchange equations, and
the limit must be taken consistently.

(iv) At the first order, cosmological vector perturbations are zero
after inflation, in the standard model. Magnetogenesis requires vor-
tical currents, and these can therefore only be generated at the
second order, via mode–mode coupling of the first-order scalar per-
turbations. This remains true even in the presence of topological
defects, which are active sources for vector perturbations: at the
first order, the vector perturbations induced by the defects cannot
break vorticity conservation in the cosmic plasma (Hollenstein et al.
2008).

(v) On large scales there is some cancellation amongst the source
terms in (5) (this is evident from Fig. 5). Neglecting any of the effects
can thus lead to unreliable results.

(vi) The magnetic field continues to be created after recombina-
tion, due to the residual non-zero ionization fraction. If the numeri-
cal integration is stopped at recombination, then the comoving field
is underestimated by a factor of $10 (see Fig. 5).

The plan of the paper is as follows. In the next section, we re-
view and clarify the magnetic and electric field generation beyond
the tight-coupling limit. In Section 3, we detail the numerical in-
tegration of the differential evolution equations at second order in
cosmological perturbations that we perform in order to solve for the
magnetic field spectrum. We also provide analytical insight into the
time and scale behaviours of the numerical results. We compare our
results with previous work in Section 4. Details of some calculations
are given in the Appendices.
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5.4 The Harrison mechanism without defects

Having derived all interaction terms and the Maxwell equations governing the electro-

magnetic fields we are now able to state the full set of angular momentum conservation

equations for the single fluids and the total system. Together with the magnetic wave

equation these describe the evolution of the vorticity and the magnetic field.

After presenting the full system we will specialise it to the case where electrons are

tightly coupled to the photons. In this case we can derive the evolution equation for the

magnetic field in closed form with the initial vorticity as only source term. Consequently,

we recover Harrison’s original result when neglecting those diffusion terms, which are

only important on very small scales.

5.4.1 General picture

To derive the full set of angular momentum conservation equations for all fluids we

specialise the generic expression (5.8) for each fluid, substitute the curl of the momen-

tum exchange due to scattering from Eq. (5.28), and with the electromagnetic field from
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Figure 1. Left: magnetic field spectrum today. Right: comoving magnetic field strength today at a given scale.
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On cluster scales the comoving field strength is

B1 Mpc $ 3 % 10&29 G. (2)

Thus, the field generated around recombination is too weak to
act as a seed for the observed field strength of the order of µG.
Adiabatic contraction of the magnetic flux lines during non-linear
collapse of structures provides an enhancement of $103, while the
non-linear dynamo mechanism has an amplification factor of $108

(with many remaining uncertainties). Note that hydrodynamical and
turbulence effects during non-linear collapse themselves generate a
field of the order of 10&20 G – which is also too small to account for
the observed galactic and cluster fields (Kulsrud & Zweibel 2008).

The field (2) is also too weak to imprint detectable effects on
the cosmic microwave background (CMB). Nevertheless, it is a real
property of the standard cosmological model, and may have some
impact on early structure formation during the ‘dark ages’ if it is
the only primordial field. [See e.g. Sethi & Subramanian (2009) and
Schleicher et al. (2010) for the role of magnetic fields in structure
formation during the dark ages.]
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The first source term is second order, while the other two are
quadratic in first-order quantities. The contributions of the source
terms to the power spectrum are shown in Fig. 5 (left).

Our paper builds on the physical analysis of non-linear plasma
dynamics presented in Maartens, Gebbie & Ellis (1999), Matarrese

et al. (2005), Ichiki et al. (2007), Kobayashi et al. (2007), Takahashi,
Ichiki & Sugiyama (2008), Maeda et al. (2009) and Pitrou (2009).
The key features of the dynamics are as follows.

(i) The electric field ensures that the proton–electron relative ve-
locity is always strongly suppressed in comparison with the photon–
electron relative velocity – even at high energies when the Compton
interaction is stronger than the Coulomb interaction.

(ii) Vorticity induced in the electron fluid is thus transferred al-
most entirely to the protons, and the baryon vorticity evolution
is determined by the two-fluid dynamics of photons and baryons,
which is very close to the equations of CMB dynamics. We use the
second-order Boltzmann code of Pitrou (2009).

(iii) The limits ve & v% ) 0 and vp & ve ) 0 are not equivalent
to setting vp = ve = v% in the momentum exchange equations, and
the limit must be taken consistently.

(iv) At the first order, cosmological vector perturbations are zero
after inflation, in the standard model. Magnetogenesis requires vor-
tical currents, and these can therefore only be generated at the
second order, via mode–mode coupling of the first-order scalar per-
turbations. This remains true even in the presence of topological
defects, which are active sources for vector perturbations: at the
first order, the vector perturbations induced by the defects cannot
break vorticity conservation in the cosmic plasma (Hollenstein et al.
2008).

(v) On large scales there is some cancellation amongst the source
terms in (5) (this is evident from Fig. 5). Neglecting any of the effects
can thus lead to unreliable results.

(vi) The magnetic field continues to be created after recombina-
tion, due to the residual non-zero ionization fraction. If the numeri-
cal integration is stopped at recombination, then the comoving field
is underestimated by a factor of $10 (see Fig. 5).

The plan of the paper is as follows. In the next section, we re-
view and clarify the magnetic and electric field generation beyond
the tight-coupling limit. In Section 3, we detail the numerical in-
tegration of the differential evolution equations at second order in
cosmological perturbations that we perform in order to solve for the
magnetic field spectrum. We also provide analytical insight into the
time and scale behaviours of the numerical results. We compare our
results with previous work in Section 4. Details of some calculations
are given in the Appendices.
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After recombination (work in progress)

✴Evolution of magnetic fields in presence of scalar field (curl of Ampère’s law):
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After recombination (work in progress)

✴Evolution of magnetic fields in presence of scalar field (curl of Ampère’s law):

✴Evolution of vortical currents:

                                                                                  “flux freezing” on scales
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Conclusions

‣ Origin of cosmic magnetic fields is still poorly understood.

‣ In general: difficult to produce large primordial amplitude without 
backreaction, large non-Gaussianity, and other complications.

‣ Although for helical fields the inverse cascade can move power from small to 
large scales, this is insufficient to account for the observed fields on large 
scales.

‣ Non-linear plasma dynamics only lead to weak magnetic fields.

‣ Amplification on large scales virtually impossible at late times.

‣ Maybe we should simply stick to astrophysics?
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